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Aim and Scope 


International Journal of Neutrosophic Science (IJNS) is a peer-review journal publishing high quality 
experimental and theoretical research in all areas of Neutrosophic and its Applications. IJNS is 
published quarterly. IJNS is devoted to the publication of peer-reviewed original research papers lying in 
the domain of neutrosophic sets and systems. Papers submitted for possible publication may concern with 
foundations, neutrosophic logic and mathematical structures in the neutrosophic setting. Besides providing 
emphasis on topics like artificial intelligence, pattern recognition, image processing, robotics, decision 
making, data analysis, data mining, applications of neutrosophic mathematical theories contributing to 
economics, finance, management, industries, electronics, and communications are promoted. Variants of 
neutrosophic sets including refined neutrosophic set (RNS). Articles evolving algorithms making 


computational work handy are welcome. 


Topics of Interest 


IJNS promotes research and reflects the most recent advances of neutrosophic Sciences in diverse 


disciplines, with emphasis on the following aspects, but certainly not limited to: 
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Neutrosophic numerical measures Classical neutrosophic numbers 
A neutrosophic hypothesis The neutrosophic level of significance 
The neutrosophic confidence interval [| The neutrosophic central limit theorem 
Neutrosophic theory in bioinformatics 
"land medical analytics (| Neutrosophic tools for big data analytics 
(| Neutrosophic tools for deep learning (| Neutrosophic tools for data visualization 
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Applications of neutrosophic logic in image processing 








Neutrosophic logic for feature learning, classification, regression, and clustering 











Neutrosophic knowledge retrieval of medical images 





Neutrosophic set theory for large-scale image and multimedia processing 
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eutrosophic set theory for brain-machine interfaces and medical signal analysis 











Applications of neutrosophic theory in large-scale healthcare data 





Neutrosophic set-based multimodal sensor data 
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eutrosophic set-based array processing and analysis 
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eutrosophic in Virtual Reality 
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Abstract 


In this paper, the concepts of Neutro-BE-algebra and Anti-BE-algebra are introduced, and some related properties 
and four theorems are investigated. We show that the classes of Neutro-BE-algebra and Anti-BE-algebras are 
alternatives of the class of BE-algebras. 


Keywords: BE -algebra; Neutro-sophication; Neutro-BE-algebra; Anti-sophication; Anti-BE-algebra. 


1. Introduction 


Neutrosophy, introduced by F. Smarandache in 1998, is a new branch of philosophy that generalized the 
dialectics and took into consideration not only the dynamics of opposites, but the dynamics of opposites and their 
neutrals [8]. Neutrosophic Logic / Set / Probability / Statistics / Measure / Algebraic Structures etc. are all based on 
it. One of the most striking trends in the neutrosophic theory is the hybridization of neutrosophic set with other 
potential sets such as rough set, bipolar set, soft set, vague set, etc. The different hybrid structures such as rough 
neutrosophic set, single valued neutrosophic rough set, bipolar neutrosophic set, single valued neutrosophic vague set, 
etc. are proposed in the literature in a short period of time. Neutrosophic set has been a very important tool in all 
various areas of data mining, decision making, e-learning, engineering, computer science, graph theory, medical 
diagnosis, probability theory, topology, social science, etc [9-13]. 

A classical Algebra may be transformed into a NeutroAlgebra by a process called neutro-sophication, and into 
an AntiAlgebra by a process called anti-sophication. 

In [2], H.S. Kim et al. introduced the notion of a BE-algebra as a generalization of a BCK-algebra. S.S. Ahn et 
al. introduced the notion of ideals in BE-algebras, and they stated and proved several properties of such ideals [1]. A. 
Borumand Saeid et al defined some filters in BE-algebras and investigated relation between them [3]. A. Rezaei et al. 
investigated the relationship between Hilbert algebras and BE-algebras and showed that commutative self-distributive 
BE-algebras and Hilbert algebras are equivalent [4]. In this paper, the concepts of a Neutro-BE-algebra and Anti-BE- 
algebra are introduced, and some related properties are investigated. We show that the class of Neutro-BE-algebra is 
an alternative of the class of BE-algebras. 


DOI: 10.5281/zenodo.3751862 
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2. NeutroLaw, NeutroOperation, NeutroAxiom, and NeutroAlgebra 


In this section, we review the basic definitions and some elementary aspects that are necessary for this 
paper. 

The Neutrosophy’s Triplet is (<A>, <neutroA>, <antiA>), where <A> may be an item (concept, idea, 
proposition, theory, structure, algebra, etc.), <antiA> the opposite of <A>, while <neutroA> {also the 
notation <neutA> was employed before} the neutral between these opposites. Based on the above triplet 
the following Neutrosophic Principle one has: a law of composition defined on a given set may be true (T) 
for some set elements, indeterminate (/) for other set’s elements, and false (F) for the remainder of the set’s 
elements; we call it NeutroLaw. A law of composition defined on a given sets, such that the law is false (F) 
for all set’s elements is called AntiLaw. Similarly, an operation defined on a given set may be well-defined 
for some set elements, indeterminate for other set’s elements, and undefined for the remainder of the set’s 
elements; we call it NeutroOperation. While, an operation defined on a given set that is undefined for all 
set’s elements is called AntiOperation. 

In classical algebraic structures, the laws of compositions or operations defined on a given set are 
automatically well-defined [i.e. true (T) for all set’s elements], but this is idealistic. Consequently, an axiom 
(let’s say Commutativity, or Associativity, etc.) defined on a given set, may be true (T) for some set’s 
elements, indeterminate (/) for other set’s elements, and false (F') for the remainder of the set’s elements; 
we call it NeutroAxiom. In classical algebraic structures, similarly an axiom defined on a given set is 
automatically true (1) for all set’s elements, but this is idealistic too. A NeutroAlgebra is a set endowed 
with some NeutroLaw (NeutroOperation) or some NeutroAxiom. The NeutroLaw, NeutroOperation, 
NeutroAxiom, NeutroAlgebra and respectively AntiLaw, AntiOperation, AntiAxiom and AntiAlgebra 
were introduced by Smarandache in 2019 [6] and afterwards he recalled, improved and extended them in 
2020 [7]. Recently, the concept of a Neutrosophic Triplet of BJ-algebra was defined [5]. 


3. Neutro-BE-algebras, Anti-BE-Algebras 


Definition 3.1. (Definition of classical BE-algebras [1]) 
An algebra (X,*,0) of type (2,0) (i.e. X is anonempty set, * is a binary operation and 0 is a constant 
element of X) is said to be a BE-algebra if: 


(L) The law + is well-defined, i.e. (Vx, y € X)(x*y € X). 
And the following axioms are totally true on X: 
(BE1) (vx € X)(x*x =0), 
(BE2) (vx € X)(0*x =x), 
(BE3) (vx € X)(x +0 =0), 
(BEA) (Vx, y,z © X,withx # y)(x *(y*z) =y * (x *Z)). 
Example 3.2. 
(i) Let N be the set of all natural numbers and * be the binary operation on N defined by 


_(y ifx =1; 
xey=ff ifx #1. 


Then (N,*, 1) is a BE-algebra. 
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(ii) Let No = NU{0} and let * be the binary operation on Ng defined by 


_¢( 0 ifx ey; 
oat aie ty —-Xx otherwise. 
Then (No,* ,0) is a BE-algebra. 

Definition 3.3. (Neutro-sophications) 


The Neutro-sophication of the Law (degree of well-defined, degree of indeterminacy, degree of outer- 
defined) 


(NL) (Ax,y € X)(x« *y € X) and (Ax, y € X)(x * y = indeterminate or x *y € X), 
The Neutro-sophication of the Axioms (degree of truth, degree of indeterminacy, degree of falsehood) 
(NBE1) (Ax € X)(x * x = 0) and (Ax € X)(x * x = indeterminate or x * x # 0), 
(NBE2) (Ax € X)(0* x = x) and (Ax € X)(0 * x= Indeterminate or 0 * x # x), 
(NBE3) (Ax € X)(x * 0 = 0) and (Ax € X)(x * 0 = indeterminate or x * 0 # 0), 
(NBE4) (Ax, y,z € X,withx # y)(x *(y*z) =y*(x*z)) and 
(Ax, y,z € X,withx # y)(x * (y * z) = indeterminate or x *(y*z) #y*(x* z)). 
Definition 3.4. (Anti-sophications) 
The Anti-sophication of the Law (totally outer-defined) 
(AL) (Vx, y € X)(x*y EX). 
The Anti-sophication of the Axioms (totally false) 
(ABE1) (Wx € X)(x *x #0), 
(ABE2) (Wx € X)(O*x # x), 
(ABE3) (Wx € X)(x *0 #0), 
(ABEA) (Vx, y,z € X,withx #y)(x*(y*z) #y* (x*zZ)). 
Definition 3.5. (Neutro-BE-algebras) 


A Neutro-BE-algebra is an alternative of BE-algebra that has at least a (NL) or at least one (NBEi), i € 
{1, 2,3, 4}, with no anti-law and no anti-axiom. 


Example 3.6. 


(i) Let N be the set of all natural numbers and + be the Neutro-sophication of the Law * on N from Example 2.2. 
(i) defined by 

ifx =1; 

a aoa if x € {3,5,7}; 


otherwise. 


PNIRS 
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Then (N,+, 1) is a Neutro-BE-algebra. Since 


(NL) if x € {3,5,7}, thenx *y= € N, for all y € N, while if x ¢ {3,5,7} and x € N, thenx *y € {1,y} EN, for 
ally EN. 


(NBE1)1*1=16€Nand3*3=-€N, 
(BE2) holds always since 1 * x = x, forallx EN. 


(NBE3) 5*1= # Landif x ¢ {3,5,7}, thenx*1=1, 


(NBE4)5*(3*4)=5* =? (indeterminate) and 3 * (5* 4) =3* = ? (indeterminate) 


al 
- 


Also, 2 * (3 * 4) = 2 * = ? (indeterminate), but3 *(2*4)=3*1= 
Further, 4 * (8 *2) =4*1=1=8*(4* 2). 

(ii) Let S be a nonempty set and P(S) be the power set of S. Then (P(S),N, O) is a Neutro-BE-algebra. 
N is the binary set intersection operation, but 

(NBE1) is valid, since@N @ =@andforal®@#AEP(S)ANA=AF¥O. 

(NBE2) @N@ = @andif@ #A,then@nA=G@ #A, 

(BE3) holds, since AN @ = @, 

(BE4) holds, since AN (BNC) =BN(ANC). 


(iii) Similarly, (P(S),U, 6), (P(S),N, S), (P(S),U, S), where U is the binary set union operation, are Neutro-BE- 
algebras. 


(iv) Let X := {0,a,b,c,d} bea set with the following table. 


Table 1 





*)\O0O;albic|ld 





Ol|lc|la|lbicla 






































Then (X,*, 0) is a Neutro-BE-algebra. 
(NL) c * 0 =? (indeterminate), and d « d = ? (indeterminate), and for all x,y € {0,a,b}, thenx*y EX. 


(NBE1)a*a=0Oand0*0=c #0 ord * d =? (indeterminate). 
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(NBEZ2) holds since 0 * b = b,and0*d =a #d. 

(NBE3) c * 0 =? (indeterminate) # 0 andifx € {b,d}, thenx *0=0, 
(NBE4) d*(c*#b) =d*b=0#c*(d*b) =c*0 =? (indeterminate) and 
a*x(b*c)=a*c=c=b*(a*c). 


(v) Let S be a nonempty set and P(S) be the power set of S. Then (P(S), —, @) is an Anti-BE-algebra, where — 
is the binary operation of set subtraction, because: 


(BE1) is valid, since A — A = @, 

(NBEZ2) holds, since 9 - A = 6 # Aand@—-G=4@, 

(NBE3) holds, since A - 9 = A#@and9-G=0 

(ABE4) is valid, since for A ¥ B, one has A — (B — C) # B — (A —C), because: 


x € A — (B —C) means (x € Aand x ¢ B-C), or {x € A and (x ¢ B or x €C) }, or {((x € Aand x ¢ B) or (xe Aandx 
€ C)}; while x € B — (A — C) means {(x € Band x ¢ A) or (xe Band x €C)}. 


(vi) Let R be the set of all real numbers and * be a binary operation on R defined by x * y = |x — y|. Then (R,* 
,0) is a Neutro-BE-algebra. 


(BE1) holds, since x * x = |x —x| = 0, forallx ER. 


(NBEZ2) is valid, since if x => 0, then x * 0 = |x — O| = |x| = x, and if x < 0, then x *0 = |x —0| = |x| =-x # 
x. 
(NBE3) is valid, since if x # 0, then 0 * x = |0 — x| = |—x| # 0, andifx = 0, then0*0=0. 


(NBE4) holds, ifx = 2, y = 3,z = 4 we get |2-|3-4|| = [2 - 1| = 1 and |3-|2-4|| = |3-2| = 1; 

while for x = 4, y =8, z =3 we get [4 -|8-3|| = |4-5| = 1 and [8-|4-3]| = |8-1] = 7 #1. 

Theorem 3.7. 

The total number of Neutro-BE-algebras is 31. 

Proof. 

The classical BE-algebra has: 1 classical Law and 4 classical Axioms: 

1+ 4=5 classical mathematical propositions. 

Let C7” mean combinations of n elements taken by m, where n, m are positive integers, n =m = 0. 


We transform (neutro-sophicate) the classical BE-algebra, by neutro-sophicating some of the 5 classical 
mathematical propositions, while the others remain classical (unchanged) mathematical propositions: 


either only 1 of the 5 classical mathematical propositions (hence we have Ci = 5 possibilities) — so 4 classical 
mathematical propositions remain unchanged, 


or only 2 of the 5 classical mathematical propositions (hence we have C? = 10 possibilities) - so 3 classical 
mathematical propositions remain unchanged, 
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or only 3 of the 5 classical mathematical propositions (hence we have C? = 10 possibilities) - so 2 classical 
mathematical propositions remain unchanged, 


or only 4 of the 5 classical mathematical propositions (hence we have C4 = 5 possibilities) - so 1 classical 
mathematical proposition remainsnchanged, 


or all 5 of the 5 classical mathematical propositions (hence we have Ci = 1 possibilities). 
Whence the total number of possibilities will be: 

C2 + C2 +C3 + C2 + C2 = (14+ 198 - CP = 25-1=31. 
Definition 3.8. (Anti-BE-algebras) 


An Anti-BE-algebra is an alternative of BE-algebra that has at least an (AL) or at least one (ABEi),i € 
{1, 2,3, 4}. 


Example 3.9. 


(i) Let N be the natural number set and X: = N U {0}. Define a binary operation * on X byx*,y =x? +y? +1. 
Then (X,*, 0) is not a BE-algebra, nor a Neutro-BE-algebra, but an Anti-BE-algebra. 


Since x *,x = x? +x? +1 + 0, forall x € X, and so (ABE1) holds. 

For all x € N, we have x * 0 = x? +1 # 0, so (ABE2) is valid. By a similar argument (ABE3) is valid. 

Since for x # y, one has x *, (y *4Z) =x? + (y7 +2741)? +14 y*, (**,2) =y? 4+ (x? +2741)? +1, 
thus (ABE4) is valid. 

(ii) Let S be a nonempty set and P(S) be the power set of S. Define the binary operation A (i.e. symmetric 
difference) by AAB = (AUB) — (ANB) for every A,B € P(S). Then (P(S),A,S) is not a BE-algebra, nor 
Neutro-BE-algebra, but it is an Anti-BE-algebra. 

Since AAA = @ # S for every A € P(S) we get (ABE1) holds, and so (BE1) and (NBE1) are not valid. 

Also, for all A,B,C € P(S) one has AA(BAC) = BA(AAC). Thus, (BE4) is valid. 


Since there is at least one anti-axiom (ABE1), then (P(S), A, S) is an Anti-BE-algebra. 


(iii) Let U = {0, a, b, c, d} be a universe of discourse, and a subset S = {0,c}, and the below binary well-defined 
Law * with the following Cayley table. 











Table 2 
* 10 }c 
Cc 
c}/clc 

















Then (S,* ,0) is an Anti-BE-algebra, since (ABE1) is valid, because: 0*0 = c# 0 andc*c=c¥#0, and it is sufficient 
to have a single anti-axiom. 


Theorem 3.10. 


The total number of Anti-BE-algebras is 211. 
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Proof. 

The classical BE-algebra has: 1 classical Law and 4 classical Axioms: 

1+ 4=5 classical mathematical propositions. 

Let C7” mean combinations of n elements taken by m, where n, m are positive integers, n =m = 0. 


We transform (anti-sophicate) the classical BE-algebra, by anti-sophicating some of the 5 classical 
mathematical propositions, while the others remain classical (unchanged) or neutro-mathematical 
propositions: 


either only 1 of the 5 classical mathematical propositions (hence we have C? = 5 subpossibilities) - so 4 
classical mathematical propositions remain some unchanged others neutro-sophicated or 2+ = 16 
subpossibilities; hence total number of possibilities in this case is: 5-16 = 80; 


or 2 of the 5 classical mathematical propositions (hence we have C? = 10 subpossibilities) - so 3 classical 
mathematical propositions remain some unchanged other neutro-sophicated or 23 = 8 subpossibilities; hence 
total number of possibilities in this case is: 10-8 = 80; 


or 3 of the 5 classical mathematical propositions (hence we have C3 = 10 subpossibilities) - so 2 classical 
mathematical propositions remain some unchanged other neutro-sophicated or 2? = 4 subpossibilities; hence 
total number of possibilities in this case is: 10-4 = 40; 


or 4 of the 5 classical mathematical propositions (hence we have C/ = 5 subpossibilities) - so 1 classical 
mathematical propositions remain either unchanged other neutro-sophicated or 2! = 2 subpossibilities; hence 
total number of possibilities in this case is: 5-2 = 10; 


or all 5 of the 5 classical mathematical propositions (hence we have C2 = 1 subpossibility) - so no classical 
mathematical propositions remain. 


Hence, the total number of Anti-BE-algebras is: 
C4.25-1 + C2.25-4 + C3. 25-3 + C2.25°-4 4.628.255 =5-164+10°84+10°445-241-1= 211. 
Theorem 3.11. 


As a particular case, for BE-algebras, we have: 


1 (classical) BE-algebra + 31 Neutro-BE-algebras + 211 Anti-BE-algebras = 243 = 3 algebras. 
Where, 31 = 2° - 1, and 211 = 3°- 2°. 

Proof. 

It results from the previous Theorem 3.10 and 3.11. 

Theorem 3.12. 


Let U be a nonempty finite or infinite universe of discourse, and S a nonempty finite or infinite subset of U.A 
classical Algebra is defined on S. 


In general, for a given classical Algebra, having n operations (laws) and axioms altogether, for integern = 1, 


there are 3” total number of Algebra / NeutroAlgebras / AntiAlgebras as below: 
1 (classical) Algebra, (2” —1) Neutro-Algebras, and (3" — 2”) Anti-Algebras. 
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The finite or infinite cardinal of set the classical algebra is defined upon, does not influence the numbers of 
Neutro-BE-algebras and Anti-BE-algebras. 


Proof. 
It is similar to Theorem 3.11, and based on Theorems 3.10 and 3.11. 


Where 5 (total number of classical laws and axioms altogether) is extended/replaced by n. 


5. Conclusion. 


We have studied and presented the neutrosophic triplet (BE-algebra, Neutro-BE-algebra, Anti-BE-algebra) 
together with many examples, several properties and four theorems. 
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Abstract 


The objective of this paper is to examine NeutroAlgebras and AntiAlgebras viz-a-viz the classical number 
systems. 
Keywords: NeutroAlgebra, AntiAlgebra, NeutroAlgebraic Structure, AntiAlgebraic Structure. 


1 Introduction 


The notions of NeutroAlgebra and AntiAlgebra were recently introduced by Florentin Smarandache!! Smaran- 
dache ir revisited the notions of N eutroAlgebra and AntiAlgebra and it-lhe studied Partial Algebra, Universal 
Algebra, Effect Algebra and Boole’s Partial Algebra and showed that NeutroAlgebra is a generalization of Par- 
tial Algebra. In the present Short Communication, we are going to examine NeutroAlgebras and AntiAlgebras 
viz-a-viz the classical number systems. For more details about NeutroAlgebras, AntiAlgebras, NeutroAlge- 
braic Structures and AntiAlgebraic Structures, the readers should see! 

Let U be a universe of discourse and let X be a nonempty subset of U. Suppose that A is an item (con- 
cept, attribute, idea, proposition, theory, algebra, structure etc.) defined on the set X. By neutrosophication 
approach, X can be split into three regions namely: < A > the region formed by the sets of all elements 
where < A > is true with the degree of truth (T), < antiA > the region formed by the sets of all ele- 
ments where < A > is false with the degree of falsity (F) and < neutA > the region formed by the sets 
of all elements where < A > is indeterminate (neither true nor false) with the degree of indeterminacy (I). 
It should be noted that depending on the application, < A >, < antiA > and < neutA > may or may 
not be disjoint but they are exhaustive that is; their union is X. If A represents Function, Operation, Axiom, 
Algebra etc, then we can have the corresponding triplets < Function, NeutroF'unction, AntiF'unction >, 
< Operation, NeutroOperation, AntiOperation >, < Axiom, NeutroAxiom, 

AntiAziom >and < Algebra, NeutroAlgebra, AntiAlgebra > etc. 


Definition 1.1. 
(i) A NeutroAlgebra X is an algebra which has at least one NeutroOperation or one NeutroAxiom that is; 
axiom that is true for some elements, indeterminate for other elements, and, false for other elements. 
(i) An AntiAlgebra X is an algebra endowed with a law of composition such that the law is false for all the 


elements of X. 


Definition 1.2. ULet X and Y be nonempty subsets of a universe of discourse U and let f : X — Y bea 
function. Let z € X be an element. We define the following with respect to f(a) the image of x: 


(i) Inner-defined or Well-defined: This corresponds to f(a) € Y (True)(T). In this case, f is called a Total 
Inner-Function which corresponds to the Classical Function. 


(ii) Outer-defined: This corresponds to f(a) € U — Y (Falsehood) (F). In this case, f is called a Total 
Outer-Function or AntiFunction. 


(iii) Indeterminacy: This corresponds to f(a) = indeterminacy (Indeterminate) (I); that is, the value f(x) 
does exist, but we do not know it exactly. In this case, f is called a Total Indeterminate Function. 





Corresponding Author: A.A.A. Agboola aaaola2003 @ yahoo.com 


Doi :10.5281/zenodo.3752896 16 


Received: January 31,2020 Revised: March 24,2020 Accepted: April 13, 2020 


International Journal of Neutrosophic Science (IJNS) Vol.4, No.1 , PP.16-19 , 2020 





2 Subject Matter 


In what follows, we will consider the classical number systems N,Z,Q,R,C of natural, integer, rational, 
real and complex numbers respectively and noting that N C ZC QC RCC. Let +,—,x,+ be the 
usual binary operations of addition, subtraction, multiplication and division of numbers respectively. Using 
elementary approach, we will examine whether or not the abstract systems (N, «), (Z, *), (Q, *), (R, *), (C, *) 
are NeutroAlgebras or and AntiAlgebras where * = +,—, x,+. 


() 


(2) 











Let X =N. 


(i) It is clear that (X, +) and (X, x) are neither NeutroAlgebras nor AntiAlgebras. 


(ii) For some x,y € X, x —y € X (True) (Inner) or x — y ¢ X (False) (Outer). However, for 
all z,y € X witha < y,x—y ¢ X (False) (Outer) and for all z,y € X with x > y, we 
have x — y € X (True) (Inner). This shows that — is a NeutroOperation over X and .-. (X,—) 
is a NeutroGroupoid. The operation — is not commutative for all x € X. This shows that — is 
AntiCommutative over X. We claim that — is NeuroAssociative over X . 





Proof. For x > y,z = 0, we have x — (y— z) = (w—y)—2,0r2-—y+0=a2-y-0>0 
(degree of Truth) (T). However, for x > y, z 4 0, we have x — (y — z) 4 (a — y) — z (degree of 
Falsehood) (F). For < y,c = 0, we have x — y+ 0 =x —y—0 < 0 (degree of Indeterminacy) 
(I). This shows that — is NeutroAssociative and .°. (X, —) is a NeutroSemigroup. 














(iii) For alla € X,x2+1 € X (True) (Inner). For some x,y € X, x + y ¢ X (False) (Outer). 
However, if x is a multiple of y including 1, then x + y € X (True) (Inner). This shows that 
+ is a NeutroOperation and therefore, (X,-+) is a NeutroGroupoid. It can be shown that + is 
NeutroAssociative over X and therefore, (X, +) is a NeutroSemigroup. 


The equation az = b is not solvable for some a,b € X. However, if b is a multiple of a including 1, 
then the equation is solvable and the solution is called a NeutroSolution. Also, the equation ac? + bd = 
(ad + bc) is not solvable for some a, b,c, d € X. However, if b is a multiple of a including 1 and cis a 
multiple of d including 1, the equation is solvable and the solutions are called NeutroSolutions. 


Let o be a binary operation defined for all x, y € X by 
0 if r=y 
zoy=< -a if r<y 
—-B if c>y 


where a, € N such that a < {. It is clear that o is an AntiOperation on X and .. (X,0) is an 
AntiAlgebra. 


Let X = Z. 


(i) (X, +) and (X, x) are neither NeutroAlgebras nor AntiAlgebras. 


(i) For all x,y,z € X such that z,y = 0,1, we have x —-y = y—x = 0 € X (True), otherwise 
for other elements, the result is False (Outer) so that — is NeutroCommutative over X. However, if 
x,y,z = 0, then x—(y—z) = (wx-y)—z = 0 € X (True), otherwise for other elements, the result 
is False and consequently, — is NeutroAssociative over X and hence (X, —) is a NeutroSemigroup. 





(ii) For all x € X,x +41 © X (True) (Inner). For all x € X, x + 0 = indeterminate (Indetermi- 
nacy). For some x,y € X,x+y ¢ X (False) (Outer) however, if x is a multiple of y including 
+1, then x + y € X (True) (Inner). This shows that + is a NeutroOperation over X and .°. (X,~) 
is a NeutroGroupoid. It can also be shown that (X, +) is a NeutroSemigroup. 
The equation az = 6 is not solvable for some a,b € X. If a = 0, the solution is indeterminate 
(Indeterminacy). However, if } is a multiple of a including +1, then the equation is solvable and 
the solution is called a NeutroSolution. Also, the equation acx? + (ad — bc)x — bd = 0 is not 
solvable for some a, b, c,d € X. However, if b is a multiple of a including +1 and c is a multiple 
of d including +1, the equation is solvable and the solutions are called NeutroSolutions. 














For all x,y € X, let o be a binary operation defined by x 0 y = In(ay). If x,y = 0, we have roy = 
indeterminate (Indeterminacy) (I). If 7 > 0,y < 0, we have x o y = indeterminate (Indeterminacy) 
(1). If « > 0,y > 0, we have x o y = False (F) except when x = y = 1. These show that o is a 
NeutroOperation over X and .-, (Xo) is a NeutroAlgebra. 
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Let o be a binary operation defined for all x, y € X by 


sul “2 ex<9 
ON AOE gp ag 


It is clear that o is an AntiOperation on X and .°. (X, 0) is an AntiAlgebra. 
(3) Let X =Q. 


(i) (X, +) and (X, x) are neither NeutroAlgbras nor AntiAlgebras. 

Gi) For all x,y,z € X such that z,y,z = 1, we have x —-y = y—x = 0 € X (True), otherwise 
for other elements, the result is False so that — is NeuroCommutative over X. Also,if x, y, z = 0, 
then x — (y — z) = (w— y) — z =0€ X (True), otherwise for other elements, the result is False 
and consequently, — is NeutroAssociative over X and (X,—) is a NeutroSemigroup. 

(iii) For all O A a,y € X, x+y © X (True) (Inner) but for all « € X, x + 0 = indeterminate 
(Indeterminacy). .". (X, +) is a NeutroAlgebra which we call a NeutroField. 


For all x,y € X, let o be a binary operation defined by x 0 y = e**¥. If x,y = 0, we have roy = 
indeterminate (Indeterminacy) (I). If x > 0, y = 0, we have x o y = indeterminate (Indeterminacy) (I). 
If « > 0, y > 0, we have xo y = False (F). These show that o is a NeutroOperation over X and .". (Xo) 
is a NeutroAlgebra. 
Let o be a binary operation defined for all x, y € X by 

eee ier if xe<y 

an e if r>y 

where e is the base of Naperian Logarithm. It is clear that o is an AntiOperation on X and .". (X,0) is 
an AntiAlgebra. 


(4) Let X =R. 


(i) (X,+) and (X, x) are neither NeutroAlgebras nor PartialAlgebras. 
Gi) For all x,y € X such that 7, y = 0,+1, we have x —- y = y—2 = 0€ X (True), otherwise for 
other elements, the result is False so that — is NeuroCommutative over _X. 
(iii) For all O A a,y © X, x+y © X (True) (Inner) but for all x € X, « + 0 = indeterminate 
(Indeterminacy). It can be shown that + is NeutroAssociative over X. Hence, (X, +) is a Neu- 
troSemigroup and therefore, it is a NeutroAlgebra which we call a NeutroField. 








Let o be a binary operation defined for all x, y € X by 


_jJ -v-1l if wr<y 
voy={ V-1 if e>y 


It is clear that o is an AntiOperation on X and .°. (X, 0) is an AntiAlgebra. 
(5) Let X =C. 


(i) (X,+) and (X, x) are neither NeutroAlgebras nor AntilAlgebras. 
(ii) For all z,w € X such that z,w = 0,-+2, we have z —-w =w—z=0€ X (True), otherwise for 
other elements, the result is False so that — is NeutroCommutative over X. 
(iii) For all O 4 z,w € X, z+w € X (True) (Inner) but for all z € X, z + 0 = indeterminate 
(Indeterminacy). Therefore, (X, +) is a NeutroAlgebra which we call a NeutroField. 








Let o be a binary operation defined for all z, w € X by 
tif |zl=|w 
zow=¢ j if |z|<|w| 
k if [2 [>| w| 
where ijk = —1. It is clear that o is an AntiOperation on X and .-. (X,0) is an AntiAlgebra. 
Theorem 2.1. For all prime number n > 2, (Zy,+, x) is a NeutroAlgebra called a NeutroField. 


Proof. Suppose that n > 2 is a prime number. Clearly, 1 is the multiplicative identity element in Z,,. For all 
0 Ax € Z,, there exist a unique y € Z,, such that x x y = 1 (True) (T). However, for 0 = x € Zy, there does 
not exist any unique y € Z,, such that x x y = 1 (False) (F). This shows that (Z,,, x) is a NeutroGroup. Since 
(Zn, +) is an abelian group, it follows that (Z,,, +, x) is a NeutroDivisionRing called a NeutroField. 
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3 Conclusion 


We have in this paper examined NeutroAlgebras and AntiAlgebras viz-a-viz the classical number systems 
N, Z, Q, R, C of natural, integer, rational, real and complex numbers respectively. In our future papers, we 
hope to study more algebraic properties of NeutroAlgebras and NeutroSubalgebras and NeutroMorphisms 
between them. 
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Abstract 


The objective of this paper is to study Neutrosophic Quadruple Hypervector Spaces and present some of their 
basic definitions and properties. This paper generalizes the concept of Neutrosophic Hypervector spaces by 
presenting their Neutrosophic Quadruple forms. Some notions such as Neutrosphic hypersubspaces, linear 
combination, linearly dependence and linearly independence are generalized. Some interesting results and 
examples to illustrate the new concepts introduced are presented. 

Keywords: Neutrosophic Quadruple (NQ), Neutrosophic Quadruple set, NQ Hypervector spaces, Super 
strong NQ Hypervector spaces, strong NQ Hypervector spaces, Weak NQ Hypervector spaces, NQ field, 
Neutrosophic field, NQ Hypersubspaces, NQ bases. 


1 Introduction 


Neutrosophy is a new branch of philosophy that studies the origin, nature, and scope of neutralities, as well as 
their interactions with different ideational spectra. Neutrosophic set and neutrosophic logic were introduced 
in 1995 by Smarandache as generalizations of fuzzy set and respectively intuitionistic fuzzy logic. In neutro- 
sophic logic, each proposition has a degree of truth (T'), a degree of indeterminacy (J), and a degree of falsity 
(F’), where T, I, F are standard or non-standard subsets of |~0, 1*[, see 
The notion of neutrosophic algebraic structures was introduced by Kandasamy and Smarandache in 2006, see 
~~ Since then, several researchers have studied the concepts and a great deal of literature has been ees 
For example, Agboola and Akinleye introduced the concept of neutrosophic hypervector spaces in! and inl 
they studied neutrosophic vector spaces. In&4l Vasantha K., Ilanthenral K. and Smarandache F. introduced 
for the first time the concept of neutrosophic qudruple vector spaces over the classical fields R,C and Z,. A 
comprehensive review of neutrosophy, neutrosophic triplet set, neutrosophic quadruple set and neutrosophic 
algebraic structures can be found in P@@GUBLAI aT Al seu ie eus tt). 





The concept of hyperstructure was first introduced by Marty in 1934 at the 8th congress of Scandinavian 
Mathematicians and then he established the definition of hypergroup in 1935 to analyze its properties and 
applied them to groups of rational algebraic functions. M. Krasnet4l introduced the notions of hyperring and 
hyperfield and use them as technical tools in the study of the approximation of valued fields. These concepts 
have been developed and generalized by many researchers. 

The notion of hypervector spaces was introduced by M. Scafati Tallin in 1988. Hypervector spaces have 
been further expanded by other researchers. For more detailed information on hypervector spaces, the reader 
should see Recs 

The present paper is concerned with introducing the concept of neutrosophic quadruple hypervector spaces. 
Some of their elementary properties are presented. 


2 Preliminaries 


In this section, some basic definitions and properties that will be useful in this work are given. 
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Definition 2.1. A neutrosophic quadruple number is a number of the form (a, bT, cI, dF’) where T, I, F have 
their usual neutrosophic logic meanings and a, b, c,d € R or C. The set NQ defined by 
NQ = {(a,bT, cI,dF):a,b,c,d€R or C} is called neutrosophic quadruple set. 


Definition 2.2. # Suppose in an optimistic way we consider the prevalence order T > J > F. Then the 
combination of the usual Neutrosophic tools T, J, Fare : 

TI =IT = max{T, I} =T, 

TF = FT =max{T, F} =T, 

IF =FlI=marctl,F}=T, 


TT =T? =T, 
Il=P=T, 
FR=FP2=F 


Analogously, suppose in a pessimistic way we consider the prevalence order T’ < I < F. Then we have: 
TI =I1T =max{T, I} =], 

TF = FT =mac{T, F} =F, 

IF=FlI=marctl,F}=F, 


TT =T? =T, 
=P =T, 
FR=FP2=F 


We shall adopt the pessimistic way in this work. 


The following operations are defined on NQ, for x = (a, bT,cI,dF) and y = (e, fT, gI,hF) € NQ 
we have that 


x+y =(a,bT,cl,dF) +(e, fT,gI,hF) = (a+e,(b+ f)T,(c+9)I,(d+h)F) and 


x—y = (a,bT,cl,dF) — (e, fT, gI, hF) = (a—e,(b— f)T, (c—g)I,(d—h)F) are inNQ. 
For « = (a, bT,cI,dF) € NQ and k € R where k is a scalar and « is a vector in NQ. 


k.a =k.(a,bT,cl,dF) = (ka, kbT, kel, kdF) € NQ. 


If « = 0 = (0,0,0,0) € NQ usually termed as zero neutrosophic quadruple vector and for any scalar k € R 
we have k-0 = 0. 
Further 

(k+p)x = ka + px,k(px) = (kp)z,k(a+y) = ka + ky. 


for all k,p € Rand x,y € NQ. —x = (—a, —bT, —cI, —dF) which is in NQ. 





Definition 2.3. Let a = (a1, agQl, agl, aaF), b= (b1, boT, b3I, b4F’) € NQ. Then 


a: b => (a1, agQl, a3l, a4F’) : (bi, boT, b3I, ba F) 
= (arbi, (a1b2 + agb1 + agb2)T, (a1b3 + azb3 + a3b1 + agb2 + a3b3)J, 
(arb + agb4, agb4 + aby + agb2 + a4b3 + a4b4)F). 


Theorem 2.4. “ (NQ, +) is an abelian group. 
Theorem 2.5. “ (NQ, -) is a commutative monoid. 
Theorem 2.6. “(NQ,-) is not a group. 

Theorem 2.7. “(NQ, +, -) is a commutative ring. 


Theorem 2.8. = (NQ,+) = {(a, dT, cl,dF)|a, b,c,d € R or C or Z,; p a prime, +} be the Neutrosophic 
quadruple group. Then V = (NQ,+, 0) is a Neutrosophic Quadruple vector space (NQ — vectorspace) 
over R or C or Z,, where 'o! is the special type of operation between V and R (or C or Z,) defined as scalar 
multiplication. 


Definition 2.9. 2Let V = (NQ,+) be a NQ vector space over R (or C or Z,). A subset L of V is said to 


be NQ linearly dependent or simply dependent, if there exists distinct vectors a,,a2,--- ,a, € Land scalars 
d,,d2,--- ,dy € R (or Co Z,) not all zero such that dj 0 ay +dz0ag+---+d,poaz =0. 
We say the set of vectors a1, G2,--- ,@, is NQ linearly independent if it is not NQ linearly dependent. 
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Definition 2.10. 2Let V = (NQ, +) be a NQ vector space over R (or C or Z,) . A subset W of V is said to 
be Neutrosophic Quadruple vector subspace of V if W itself is a Neutrosophic Quadruple vector space over R 
(or C or Z,). 


Definition 2.11. ULet P(V) be the power set of a set V, P*(V) = P(V) — {0} and let K be a field. 
The quadruple (V, +, ¢, K’) is called a hypervector space over a field K if: 


1. (V,+) is an abelian group. 
2. e: K x V —+ P*(V) is a hyperoperation such that for all k,m € K and u,v € V, the following 
conditions hold: 
(a) (k+m)euC (keu)+ (meu), 
(b) ke(u+v) C (keu)+ (kev), 
(c) ke (meu) = (km) eu, whereke (meu) ={kev:vE meu}, 
(d) (-k)eu=ke(—u), 
(ec) wE leu. 
A hypervector space is said to be strongly left distributive (resp. strongly right distributive) if equality holds in 


(a) (resp. in (b)). (V,+,¢, A’) is called a strongly distributive hypervector space if it is both strongly left and 
strongly right distributive. 


Definition 2.12. MLet (V,+,¢, AK) be any strongly distributive hypervector space over a field K and let 
V(L) =< VU (1) >= {u= (a, bI) : a,b € V} 


be a set generated by V, and J. The quadruple (V(/),+,¢, A) is called a weak neutrosophic strongly dis- 
tributive hyper vector space over a field K. 
For every element u = (a, bI),v = (d,eL) € V(I), and k € K we define 
u+tv=(a+d,(b+e)lEV(J), 
keu={(a,yl):cekea,yEckebd}. 


If K is a neutrosophic field, that is, A = K(J), then the quadruple (V(I),+,¢, A (J)) is called a strong 
neutrosophic strongly distributive hyper vector space over a neutrosophic field K (J). 
For every element u = (a, bI),v = (d,eI) € V(J), and a = (k, mI) € K(J), we define 


ani Pee Ga Gay, 
aeu={(z,yl):(tekeayekebiumeaUmed)}. 


The elements of V (I) are called neutrosophic vectors and the elements of A (I) are called neutrosophic 
scalars. The zero neutrosophic vector of V(), (0, 07), is denoted by 0, the zero element 0 € K is represented 
by (0,07) in K(Z) and 1 € K is represented by (1, 02) € K (J). 


Theorem 2.13. DEvery strong neutrosophic hypervector space is a weak neutrosophic hy- pervector space 


Theorem 2.14. MEvery weak neutrosophic hypervector space is a strongly distributive hypervector space 


3 Formulation of a Neutrosophic Quadruple(NQ) Hypervector Spaces 
and its Subspaces 


In this section, we develop the concept of neutrosophic quadruple hypervector spaces and present some of 
their basic properties. Except otherwise stated, all neutrosophic quadruple numbers will be real neutrosophic 
quadruple numbers of the form (a, bT, cI, dF’) where a, b,c, d € R. The elements of V(T,, I, F’) will be called 
neutrosophic quadruple vectors and the elements of A (I) and K(T, J, F’) will be called neutrosophic scalars 
and neutrosophic quadruple scalars respectively. (0, 077, OJ, OF’), the zero vector of V (T, I, F’) will be denoted 
by 6, the zero element of K(T, I, F’) will be denoted by 0 € K while 1 € K will be denoted by (1, OT, 07, 0F) 
in K(T,I,F). 
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Definition 3.1. Let (V,+,¢, A’) be any strongly distributive hypervector space over a field K and let 
V(T,I,F) =<VU(T,I,F) >= {u = (a, bT, cI, dF): a,b,c,d € V}. 


be a set generated by V, T, I and F. The quadruple (V(T,/,F'),+,¢, A) is called a weak neutrosophic 
quadruple strongly distributive hypervector space over a field K. 


For every element u = (a, bT,cI,dF),v = (e, fT, gI,hF) € V(T,I,F) andk € K we define 


utv=(ate,(b+f)T, (e+ 9)I,(d+h)F) €V(T,1,F), 
keu={(r,aT,yl,zF):rekeazrekebyckec,zcked}. 
Definition 3.2. Let (V,+,¢, A’) be any strongly distributive hypervector space over a field K and let 
V(T,I,F) =<VU(T,I,F) >= {u= (a,bT, cl, dF) : a,b,c,d € V}. 


be a set generated by V, T, J and F. The quadruple (V(T, I, F’),+,¢, A (Z)) is called a strong neutrosophic 
quadruple strongly distributive hypervector space over a neutrosophic field K (I). 


For every element u = (a,bT,cI,dF),v = (e, fT,g1,hF) € V(T,I, F) and a = (k,mI) € K(I), we 
define 
utv=(ate, (0+ f)T, (c+), (d+h)F) €V(T,I,F), 


aeu={(reT yl, zF):(rekeacrekebyeckecUmealmebUmec,zekedUumed)}. 
Definition 3.3. Let (V,+,¢, A’) be any strongly distributive hypervector space over a field K and let 
V(T,I,F) =<VU(T,I,F) >= {u = (a, bT, cI, dF) : a,b,c,d € V} 


be a set generated by V, T, J and F. 
The quadruple (V(T,/, F'),+,¢, K(,I, F)) is called a super strong neutrosophic quadruple strongly dis- 
tributive hypervector space over a neutrosophic field K(T, I, F’). 


For every element u = (a,bT,cl,dF),v = (e, fT, gI,hF) € V(T,I, F) anda = (k,mT,nI,tF) € 
K(T,I, F), we define 
u+u=(ate, (b+ f)T,(c+g)I,(d+h)F) €V(T,I,F), 
aceu={(r,aT,yl,zF):reckeaxrekebmeaimebyeckecUmecUneaUnebUnec, 
z€kedUmedUnedUteaUtebUtecUted}. 


Example 3.4. Let n be a positive integer and let V(T, J, F) = R"(T, I, F’) denote the neutrosophic quadruple 
set of column neutrosophic quadruple vectors of length n with entries from the field R : 


(a1, oT, c1l, di F) 
(ag, beT, col, do F) 


R"(T,I,F) = : a;,0;,¢;,,d; € R, 7=1,2---n 
(An, bnT, Cn, d,F) 
For all 
(a1,0:T, cI, dF) (e1, fil, gt, hiF) 
(a2, beT, C21, d2F) (€2, foT, gol, hoF) 
U= 7 ,v= . eV(I,1,F) 
(an, br» T, Crt, d,F’) (En; bre be Onl, h,F) 
and k € K define: 
(a1, 61T, cI, di F) (e1, fil, gil, hiF) 
(ag, beT, col, da F) (€2, foT, gol, hoF) 
utv = : + . 
(An, brT, Cyl, dy, F’) (En, fnt, Int, h,F) 


(a1 + €1, (01 + fa) T; (cr + gi )T, (di + ha) FP) 
(az + €2, (b2 + fa)T, (ca + ge)I, (da + he) F) 














(an + ény (Bn nS iat; (Cn ok In)L, (dn as hn)F) 
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and 
(a1, 0:T, cI, dF) (riyzil, gil, 212) mr, €keay,2, €Ckebh,y, Chem, Cked; 
(ag, beT, col, d2F) (r2, v2T, yal, 22F) r2 € ke ay, to C ke bo, yo Che Co, 22 CK e dy 
e ‘ = : : ‘ 
(an, OnT, Cnt, dnF) (Tn, nT, nl, 2nF) Tn € Kk ean, tn € ke bn, Yn CKO Cn, Zn € he dy 


Then (V(T, I, F’), +, ¢, &) is a weak neutrosophic quadruple strongly distributive hypervector space over the 
field K. 


Example 3.5. Let V(T, 1, F) = R?(T, I, F) and let K = R(J). For all 
u = ((a1, 0:7, 1, dF), (e1, AT, ot, hi F)),v = ((Ga, boT, col, dak), (eo, foT, gol, hoF)) € V(T, I, F) 
and a = (k, mI) € K (J), define: 


utv = ((aq + ag, (bi + b2)T, (ce, + €2)L, (di + d2)F), (e1 + €2, (ft + fa)T, (91 + g2)L, (hi + he) F)). 


aeu = {((r,¢T,yl,zF), (p,q, sI,tF)) : 
(rekea,cekeb,yekec Umea, Umebi Umec,z ec ked,Umed,) 
(pEkec,qekefi,sekeg Umee,Ume fi,Umeg,tekeh; meh)}. 


Then (V(T, J, F),+,¢, K(Z)) is an strong neutrosophic quadruple strongly distributive hypervector space 
over the neutrosophic field K(J). 


Example 3.6. Let V(T, I, F) = R2(T, I, F) and let K = R(T, 1, F). Forall 
u = ((a1,01T, cl, di F), (e1, fT, git, hi F)),v = ((a2, beT, col, doF), (€2, foT, gol, hoF)) € V(T, I, F) 
and a = (k,mT,nI,wF) € K(T,I, F), define: 


Uutv= ((a1 + a2, (by + ba)T, (C1 + co)I, (dy + dz)F), (e1 + €2, (fi + fa)T, (g1 + g2)I, (hi + h2)F)). 


aeu = {((r, eT, yl, zF),(p,qT, s1,tF)) : 
(r€kea,cekeb Umea Umeb,yeckecq UmecqUneaUneb Une, 
z€kedjUmed, Uned; wea, Uweb; Uwec; Uwed) 
(peEkee,qekefiuUmeeUme fi,seckeg Umeg Unee, Une fi Uneg, 
teEkehyUmehUneh,UweeUwe fi,Uweg, Uweh;)}. 


Then (V(T,1, F),+,¢, K (L,I, F)) is a super strong neutrosophic quadruple strongly distributive hyper- 
vector space over the neutrosophic quadruple field K(T, I, F’). 
From here on, every weak( strong [super strong]) neutrosophic quadruple strongly distributive hypervector 
space will simply be called a weak( resp.(strong [super strong])) NQ-Hypervector space. 


Proposition 3.7. . 
1. Every super strong NQ-Hypervector space is a strong NQ-Hypervector space. 
2. Every super strong NQ-Hypervector space is a weak NQ-Hypervector space. 
3. Every strong NQ-Hypervector space is a weak NQ-Hypervector space. 
Proof: 
1. This is true, since K(I) C K(T,I, F). 
2. This is true, since K C K(T,I, F). 
3. This is true, since K C K(I). 
Proposition 3.8. Every weak NQ-Hypervector space is a strongly distributive hypervector space. 


Proof: Suppose that V (T, I, F’) is a weak NQ-Hypervector space over a field K. 
That (VQ, +) is a vector space is seen in []. 


Let u = (a, bT,cI,dF),v = (e, fT, gI,hF) € V(T,I, F) andk,m € K be arbitrary. Then 
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(1). keutmeu = {(p,qT,rl,sF):pekeaqekebrekec scked} 

+ {(t,wT, al, yF):t€mea,weEmeb,cemec,yecmed} 

{ptt (q+wu)T,(r+a)l,(s+y)F):pttekea+meagqt+wekeb+mea, 
r+cekect+mec,st+ycked+med}. 


I 


Also 


(kt+tmjeu = {(p',dT,r'l,s’F):p' €(k+m)ea,d € (k+m)eb,r’ € (k+m)ec,s’ € (k+m) ed} 
{(p. dT, r'l,s'F):p'’ ekeatmea,d €keb+mea,r Ckec+mec,s' Cked+med} 
= keu+meu. 
(2). keutkev = {(p,qT,rl,sF):pekeaqekebrekec scked} 
+ {(t,wT,al,yF):tekee,wekef,crekeg,yc€eh} 
{(p+t(qt+w)T, (r+a)l,(sty)F):pttcekeatkeeqtwekeb+kef, 
rtace€kec+keg,s+ycked+keh}. 











Also, 
kelute) = kelote + NT (ctl (d+MF) 
= {(p' eee ‘Eke(ate),d €ke(b+f),r' eke(c+q),s’ Cke(d+h)} 
= {(p" ,¢T,1'l,s'F):p" She pie a eben pe ete cee. 
s'€ked+keh} 
= keut+kev. 
(3). ke(meu) = kef{(p,qT,rl,sF):pemea,qemeb,remec,semed} 
= {(p',dT,r'l,s'F): ee RN a 
= {(p',dT,r'l,s'F):p €ke(mea),d €ke(meb),r’ € (mec),s’ € (med)} 
= {(p',q'T.r'l, 8'F) : pi € (km) ea,q € (km) eb,r’ € (km) ec,s' € (km) e d} 
= (km)e(a,bT,cl,dF) 
= (km)eu. 
(4). (-k)eu = {(p,q7,rl,sF):p€ (—k) ea,q€ (—k) eb,r € (—k) ec, 5 € (—k) ed} 
= {(p,¢T,rl,sF):p€ ke (-a),q€ ke (—b),réke(-c),s €ke(—d)} 
= ke(-a,-bI) 
= ke(—u). 
(5). lew = {(p,qT,rI,sF):peleaqelebrelecsecled} 


= {(a,bT,cI,dF):acleabelebcEelecdeled}. 
Showing that u € Lew. 
Therefore we say that V(T, I, F’) is a strongly distributive hypervector space. 


Proposition 3.9. Let V (T, I, F’) be a super strong(strong) NQ-Hypervector space over a neutrosophic quadru- 
ple field K(T, I, F)(neutrosophic field K(I)). Then 


1. V(T,I, F) generally is not a strongly distributive hypervector space. 
2. V(T,I, F) always contain a strongly distributive hypervector space 


Proposition 3.10. Let (V(T, I, F'),+1,¢1) and (U(T, I, F’), +2, ¢2) be any two super strong NQ-Hypervector 
space over a neutrosophic quadruple field K(T,1I, F). Let 


V(@I,F)xU(T,I,F) = {((v, mT, vel, v3F), (u,urT, ual,u3F)) : 
(v, 01 T, vel, u3F) € V(T, I, F), (u,uiT, uel, ugk) € U(T,1,F)} ° 


For all 
x = ((v,u1T, vel, u3F), (u, ui T, uel, usF)),y = ((v', oy T, vbl, vsF), (w, up T, ugl, ugF)) € V(0,1, F)xU(T, 1, F) 
and a = (k, kiT, kol, kg PF) € K(T, I, F) 

rty=((vtv', (v1 +04)T, (v2 + vg)L, (v3 +03) F), (ut u’, (ur + uj )T, (ue + ug)I, (ug + us) F)). 


aex = {((p,piT,pol,psF),(¢,nT, el, eF)) : 
(pe kev, py CkevuUkpevUky ev, po € kevgukyevgukgevUkge vy Uk @ vo, 
p3 €kevz3U ky e v3 Ukg @ ug Ukg ev U kg ov, U3 @ vg Ug 0 3) 
(qekeuqg €keu Uk euVky eus,g2 € keuguky eugukgeur kg eu Uke eu, 
ga € keug Uk, e ug Ukg @ u3 Uk3 euU kg @ uy Uk @ ug U3 @ uz) }. 


Then (V(T,1,F) x U(T,I, F),+,¢, K(T, I, F)) is a super strong NQ-Hypervector space. 
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Proposition 3.11. Let (V(T,1I,F'),+1,¢1) and (U(T,I, F),+2,¢2) be any two strong NQ-Hypervector 
space over a neutrosophic field K (I). Let 


V(TI,F)xU(T I,F) = {((v,uT, vel, v3F), (u,uiT, uel, u3F)) : 
(v, 01 T, vel, u3F) € V(T, I, F), (u,urT, uel, ugk) € U(T, I, F)} 


for all 
x = ((v, 17, vol, v3F), (u,uiT, uel, u3F)),y = ((v', of T, oS, uF), (u’, uh T, ub, us F)) € V(T, 1, F)x 
U(T, I, F) and a = (k, ki I) € K(1) 


ety =((vtv', (v1 +04)T, (v2 + vg)0, (v3 +03) F), (ut u’, (ur + uj )T, (ue + ug)I, (ug + us) F)). 


aer = {((p, p1T, pol, psF), (a, nT, del, a3F)) : 
(pEkev,p, €kev,ps €kevgUkj evUk, ev Uk, © v2, p3 € ke v3 Uk, © v3) 
(qeEkeu,m €keu,g €keugukyeuUk; eu Uky eo u2, 93 € Ke uz Uk; e uz)}. 


Then (V(T, I, F) x U(T,I, F),+,¢, K(1)) is a strong NQ-Hypervector space. 


Proposition 3.12. Let (V(T,I, F'),+1,¢1) and (U(T, I, F), +2, 2) be any two weak NQ-Hypervector spaces 
over a field K. Let 


V(T,I,F) x UL LF) = {((u, wT, vol, u3F), (u,wT, uel, u3F)) : 
(v, 1T, val, usF) € V(T, I, F), (u, wT, uel, u3F) € U(T, I, F)}. 


For all 
x = ((v, wT, vol, u3F), (u, wT, uel, usF)),y = ((v', oT, ub, uF), (w’, ul T, ubl, usF)) € V(T,1,F)x 
U(T,1I,F)andk ek 


rty=((vtv', (v1 +04)T, (v2 + vg)L, (v3 +03) F), (ut u’, (ui + u4)T, (ue + ug)I, (ug + us) F)). 


kex = {((p,~iT, pol, p3F),(q,nT, d21,q3F)): (pe kev,p: € kev, pe € ke v2,p3 € ke v3) 
(qekeum €keu,gq €keus,g3 €keus)}. 


Then (V(T, I, F) x U(T,I, F),+,¢, K) is a weak NQ-Hypervector space. 


Proposition 3.13. Let V(T,I, F’) be any super strong NQ-Hypervector space over a neutrosophic quadruple 
field K(T,I, F), let U(T,1I, F) be any strong NQ-Hypervector space over a neutrosophic field K (I) and let 
W(T, 1, F’) be any weak NQ-Hypervector space over a field K . Then 


1. (V(T,1,F) x U(T,1, F),+,¢, K(1)) is a strong NO-Hypervector space. 





2. (V(T,I,F) x W(T,I, F),+,¢, K) is a weak NQ-Hypervector space. 
3. (U(T,I,F) x W(T,I, F),+,¢, K) is a weak NQ-Hypervector space. 
Proof: 


1. From 1 of B77] we know that every super strong NQ-Hypervector space is a strong NQ-Hypervector 
space. Then by applying[3-Tl]to this, we obtained the required result. 


2. From 2 of| we know that every super strong NQ-Hypervector space is a weak NQ-Hypervector space. 
Then by the proof follows . 


3. From 3 of we know that every strong NQ-Hypervector space is a weak NQ-Hypervector space. 
Then by the proof follows . 


Definition 3.14. A nonempty subset N(T, I, F’) of a super strong NQ-Hypervector space 

(V(T,I, F),+,¢, K(T,I, F)) over a neutrosophic quadruple field K(T, J, F') is called a super strong NQ- 
Hypersubspace of V(T, I, F’) if (N(T, 1, F),+,¢, K(T, I, F)) is itself a super strong NQ-Hypervector space 
over K(T,I, F’). It is essential that N(T, I, F’) contains a proper subset which is a Hypervector space over K. 


Definition 3.15. A nonempty subset N(T, J, F’) of a strong NQ-Hypervector space 

(V(T,I, F),+,¢, K(L)) over a neutrosophic field K (I) is called a strong NQ-Hypersubspace of V(T, I, F’) 
if (N(T,I, F),+,¢, K(J)) is itself a strong NQ-Hypervector space over K (J). It is essential that N(T, I, F’) 
contains a proper subset which is a Hypervector space over K. 


Doi :10.5281/zenodo.3752906 26 


International Journal of Neutrosophic Science (IJNS) Vol. 4, No.1 , PP.20-35 , 2020 





Proposition 3.16. Let N[T, I, F'| be a subset of a super strong NQ-Hypervector space 

(V(T,1, F),+,¢, K(T,I, F)) over a neutrosophic quadruple field K(T,I,F). Then N(I,T, F) is a super 
strong NQ-Hypersubspace of V(T, I, F) if and only if for allu = (a,bT,cl,dF),v = (e, fT, gI,hF) € 
V(T,I, F) anda = (k,mT,nl,tF) € K(T, I, F) the following conditions hold: 


I. N(T,I, F| #9, 

2, utveEN(T,I, FI, 

3. aevC NIT, I, Fi, 

4. N|T,I, F] contains a proper subset which is a hypervector space over K. 


Proof: 

If N(T,I, F) is a super strong NQ-Hypersubspace of V(T, J, F’), then obviously conditions 1 , 2, 3 and 4 
hold. 

Conversely, let N[T’, I, F'] be a subset of V(T, J, F’) such that N(T, I, F’) satisfies the four conditions 1, 2,3 
and 4. 

To proof that N(T, I, F’) is a NQ-Hypersubspace of V(T, J, F’). It is enough to prove that 


1. N(T,I, F) has a zero NQ-vector. 
2. Each NQ-vector in N(T, J, F’) has an additive inverse. 


Since N(T, I, F’) is non-empty, let u = (a, bT,cI,dF’) € N(T,I,F). 
Now for (0,07, 02,0F) € K(T, I, F) and by condition 3 we have that 


(0,07, 01, 0F) eu = (0,0T, 01, 0F) ¢ (a, bT, cl, dF) C N(T,I,F) => 9€ N(LT,F). 


Therefore N(T, I, F’) has a zero vector. Again, since —(1,0T,0/,0F) € K(T,I, F) then 
—(1,0T, 01,0F) eu =-—(1,0T,01,0F) e (a,bT,cl,dF) C N => -ue€ N(T,I, F). 
Hence each NQ-vector in N(T, I, F’) has an additive inverse. 


Proposition 3.17. Let N[T, I, F'| be a subset of a strong NQ-Hypervector space 

(V(T,1I,F),+,¢, K(L)) over a neutrosophic field K(I). Then N(I,T, F’) is a strong NQ-hypersubspace of 
V(T, I, F) if and only if for all u = (a,bT,cI,dF),v = (e, fT, g1,hF) € V(T,I,F) and a = (k,mI) € 
K (I) the following conditions hold: 


I. N(T,I, F| #9, 
2,u+veENIT,I, Fl 
3. aevC NIT, I, F| 
4. N|T,I, F] contains a proper subset which is a hypervector space over K 
Proof : Follow similar approach as the proof of 6.16] above. 
Corollary 3.18. Let N[T, I, F| be a NQ-hypersubspace of a NQ-hypervector space V (T, I, F) if and only if 
1. N(T, I, F] is non-empty. 


2, aeu+BevC NT, I, F), for all a = (ky,miT,nil,riF), 6B = (ke,meT, nel,reF) € K(T,I, F) 
and u = (a, bT,cI,dF),v = (e, fT, gI,hF) € N[T,I, F). 


3. N[T, I, F| contains a proper subset which is a hypervector space over K. 


Example 3.19. Let V(T, J, F’) be a super strong NQ-Hypervector space defined in ExampleB.6| 
Let N(T,I, F) = K(T,I, F) x {(0,0T, 07,0F)} CV(T,I, F) 
Then N(T, I, F’) is a super strong NQ-Hypersubspace 


Proof: Since 6 = ((0, OT, 0, OF), (0,0T,07,0F')) € N(T,I, F). Then N(T,I,F) 40 
Now let 
u = ((a1,b:T, cI, d,F), (0,07, 01,0F)),v = ((a2,beT,c2I,d2F),(0,0T,01,0F)) € N(T,I,F) and 
a = (k,mT,nI,wF),8 = (k’',m’T,n'I,w'F) € K(T,I, F), with ai, bi, c1, di, a2, b2,c2,dz € N and 
k,m,n,w,k’,m’',n',w' € K 
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Thenaeu+ Bev 

= (k,mT,nl,wF )e[(ai, iT, al, di F), (0, 0T, OF, OF )|+(k', m’'T, n’'I, w’ F)e| (a2, beT, col, d2F), (0, OT, OF, OF )] 
C{((a, yT, 21, tF), (p,qT,rl,sF)):cekea,yekebmeaUmeb,zeckecjuUme 

cy Uneay Unedi Unecy,tEeked, med, ned; Uwea,;l web; Uwec, Uwed,,pEke0,.qge 

keO0Ume0Ume0,r € KkeOUmeIUneOUne0Unel, 5s € Ke0DUmeIUne0UweIUweIUWeNUwed} 

+4{((2',y'T,, 2/1,UF), (p',d'T, rl, s'F)):2' € kb eazy Ek’ ebgUm' eagUm' eby, 2 Ek’ ecgUm'e 

cgUn! eagUn' ebgUn' eco, t! € k'edgUm' edgUn’' edgUw’ eagUw’ ebgUw! ecoUw’ edz, p' € k’e0,q' € 

k/e0Um’e0Um'e0, 1’ € k’e0Um! e0Un’ e0Un’e0Un’e0, s’ € keOUm’e0Un' e0Uw’ e0Uw’ e0Uw’ e0Uw’ e0} 

= {((a1, y1T, 21, ti F), (v4, y{T, 1,4, F)) : 21 Chea +k ea, 

yy € keby +k’ ebp Umea, tm’ eagUmeb, +m’ ebo, 21 € kee, +k’ ecgUmec, +m ecoUnea, + 

n eagUnebj +n’ ebgUneci +n’ eco,t eked, +k’ edgUmed,+m' edgUned, +n’ edgUwea,+ 

w' eagUweb; +w' ebgUwecy+wu’ecoUwed+w' edz, x, € 0,y, € 0,2, € 0,t, € 0} C M(TI, F). 

=>aeut+BevC N(TI,F). 

Lastly, we can see from the definition of N(T, I, F’) that N(T, I, F’) contains a proper subset which is a hy- 

pervector space over K. 

To this end we can conclude that N(T, I, F’) is a super strong NQ-Hypervector space. 

















Proposition 3.20. The intersection of any two 


1. super strong NQ-Hypersubspaces of a super strong NQ-Hypervector space V(T, I, F’) over a neutro- 
sophic quadruple field (K,1I, F) is again a super strong NO-Hypersubspace of V(T, I, F). 


2. strong NQ-Hypersubspaces of a strong NQ-Hypervector space V(T,I,F') over a neutrosophic field 
K (1) is again a strong NQ-Hypersubspace of V(T, I, F). 


3. weak NQ-Hypersubspaces of a weak NQ-Hypervector space V(T,I, F’) over a field K is again a weak 
NOQ-Hypersubspace of V(T, I, F). 


Proof: Same as in classical case. 


Proposition 3.21. Let S(T, I, F) be a super strong NQ-Hypersubspace, U(T, I, F) be a strong NQ-Hypersubspace 
and W (T, I, F) be weak NQ-Hypersubspace of a super strong NQ-Hypervector space (V(T,1I, F),+,¢, K(T,1, F)), 
strong NQ-Hypervector space (V(T, I, F), +,¢, K(I)) and weak NQ-Hypervector space (V(T, I, F),+,¢, K) 
respectively. Then 


1. S(T, 1, F)NU(T, I, F) is a strong NO-Hypersubspace of strong NQ-Hypersubspace (V(T,1I, F),+,¢, K(J)). 
2. S(T,1,F)NW (TL, I, F) is a weak NOQ-Hypersubspace of weak NQ-Hypersubspace (V(T,1I, F’),+,¢, K). 

3. U(T, I, F)OW(T, I, F) is a weak NQ-Hypersubspace of weak NQ-Hypersubspace (V(T, I, F),+,¢, K). 
Proof: 


1. By 1 of B77] we have that every super strong NQ-Hypervector space is a strong NQ-Hypervector space. 
Then by 2 of [3.20]the proof follows. 


2. By applying 2 of B“7Jand 3 of B-20]the proof follows easily. 


3. By 3 of B-7]we have that every strong NQ-Hypervector space is a weak NQ-Hypervector space. Then 
by applying 3 of B-20}the proof follows. 


Proposition 3.22. Let U,(T, I, F|, U2[T,1, F],--- ,Un|T, I, F|] be NO-Hypersubspace of a 
super strong[strong] NQ-Hypervector space V(T, I, F) over a neutrosophic field K(T,I, F)(resp.[|K (1)]). 
Then (\j_, U; is a NO-Hypersubspace of V(T,I, K). 


Proof: Same as in classical case. 


Example 3.23. Let M,(T, I, F] = K(T,1, F) x {(0,0T,01,0F)} C V(T, I, F) and 

M,[T, 1, F] = {(0,0T, 01,0F)} x K(T,1,F) C V(T,1, F). 

Following the approach in ExampleB.19] we can establish that MM) |T, I, F] and M2[T, I, F| are 
NQ-Hypersubspaces of V(T, I, F). 

Let ((a, bT, cI, dF), (0,0T, 01, 0F)) € M,[T, I, F] and ((0,0T, 01, OF), (e, fT, 91, hF)) € Ma[T, I, F]. 
Then 

((a, bT, cI, dF), (0,07, OF, 0F)) + ((0, 07, OF, OF), (e, fT, gf, hF)) = (((a + 0), (b+ O)T, (e+ OV, (d+ 
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O)F),((O+e), 0+ f)T, (0+ 9)I,(0+h)F)) = ((a, 67, cl, dF), (e, fT, gI, hF)) 

But {((a, 67, cl, dF’), (e, fT, gI, hF’))} is not a NQ-subset of Mi [T, I, F] U M2[T, I, F]. 
Therefore M,[T, I, F] U M2[T, I, F] is not a NQ-Hypersubspace of V(T, I, F’). 

This observation is recorded in the following remark. 


Remark 3.24. Let M,[T,I, F'] and M2[T, I, F'] be NQ-Hypersubspaces of a super strong NQ-Hypervector 
space V(T, I, F’) overa NQ field K(T, I, F), then generally, The union of two NQ-Hypersubspaces of a super 
strong NQ-Hypervector space V(T,, I, F’) is not necessarily a NQ-Hypersubspace of V(T, I, F’). 


Definition 3.25. Let N,[T,J, F] and No[T,I, F] be any two NQ-Hypersubspaces of a super strong NQ- 
Hypervector space V(T, I, F’) over a NQ field K(T, I, F’) then the sum of Ni [T, I, F] and NT, I, F'] denoted 
by Ni[T, 1, F] + No[T, I, F] is called NQ Hyperlinear sum or NQ linear sum of the NQ-Hypersubspaces 
N,[T, I, F] and No[T, I, F]. And it is defined by the set 


fri + ne imi = (a1, :T, rT, di F) € Ni[T,1, F], na = (a2, beT, col, oF) € No[T, 1, F]} 


The NQ Hyperlinear sum of N;[T, I, F'] and N2[T, I, F'] is called the direct sum of the NQ-Hypersubspaces 
Ni[T, I, F] and No[T, I, F] if Ny[T, 1, F] 0 No[T, 1, F] = {6}. 


Proposition 3.26. Let Ni[T, 1, F'] and No|T,I, F| be any two NQ-Hypersubspaces of a super strong NQ- 
Hypervector space V(T, I, F’) over a NQ field K(T, I, F). Then 


1. NQ Hyperlinear sum of N,[T, I, F| and No|T, I, F] is a NQ-Hypersubspace of V(T,I, F). 


2. NQ Hyperlinear sum of Ni{T, I, F| and No|T, I, F) is the least NO-Hypersubspace of V(T, I, F) con- 
taining N,|T,1,F] and No[T, I, F'}. 


Proof: 


1. Since 6 = (0,0T, OL, OF) € N,|T, I, F] and 6 = (0,0T, 01, 0F) € NolT, I, F], 
then {0 + 6} C MT, I, F) + NolT, 1, F] 
—> {6} C Ny IT, I, F| + NolT, I, F] = 0 € Ni[T,1,F] + NolT,F, 7], 
therefore N,(T, I, F| + No[T, I, F'] is non-empty. 
Let u = (a, 6T, cl, dF), v = (e, fT, 9I,hF) € Ni[T, 1, F] + NolT, I, F|, then J 
Uy = (a1, b1T, cl, dF), U2 = (a2, boT, col, dj F’) E Ni[h, Tp] and Ui= (e1, fil, gil, hi F) 
v2 = (e1, fil, gl, hiF) E No[hh, 12] such that wu € uy + vy and v € ug + vo. 
Let a = (p, qT, rI,sF), 8 = (p',dT,1r'l,s'F) € K(T,I, F). 











Thenaeut+GevCae(uytu)+Be(ug+ v2) 

= (p,qT, rl, sF)e((a,+e1), (+ fi)T, (atgqi)l, (dithi)F)+(',dT,r'l, s' F)e((a2+e2), (bo + 
f2)T, (c2 + g2)I, (do + ho) F) 
c {(a1, mT, al,wiF) : 24 € pe(a,+ei),y1 Ee pe (by + fi)Uqe(ajt+er)Uge (hy + fi), 21 E 
pe(aatgi)Uqge(cr+gi)Ure (a, +e1)Ure(bh +fi)Ure(cit+gi),wi €pe(di +hi)Uqge 
(di + hy) Ure (dj +hi) Use (a, +e1) Use (bi + fi) Use (cy +91) Use (dy + hi)} 
+ {(2, yoT, 221, w2F) : ro € p'e (az +€2), yo € p’ e (bo + fo) Ud! @ (az + €2) Ud’ @ (bo + fa), 22 € 
pi e(cg+g2)Ud' e (co +92) Ur’ @ (ag + €2) Ur’ @ (bo + fo) Ur’ @ (co + go), Wo € p’ e (do + he) U 
qd @ (dz + hz) Ur’ e (dz + hg) U8’ @ (ag + €2) U8’ @ (bo + fo) U8! @ (co + 92) U8’ @ (dg + he)} 
= {(2,yT,zI,wF): 2 € (pea; t+pee,t+p'eag+p’ eez), ye (pebit+pefi tp ebs+p'e fz)U 
(qeaitgqeer tq eart+dees)U(qeh+gqefitdebt+¢ e fz), 
z2E€(pecqrtpegtp'ecotpeg)U(qeaqtgqegtdecmtd eg)U(rea,tree trie 
agtr’een)U(reb trefitrebg trie fo)U(req treg tr ecgtr’ eg) 
w € (ped, +peh,+p'edz+p'ehz)U(qedi+qeh,+q' edz+q ehz2)U(red,+reh,+r'e 
dg +r’ ehz)U(sea,+see,+s'ea4+ 8’ ee2)U(sebi +50 fi +5’ ebg+s'e fo)U(sec, +se 
gits'ecg+s'eg)U(sed;+seh, +5’ ed,+s'ehz)} 

= {(ki,miT, nl, jiF) > ki € (pea, +p’ eaz),m, € (peb; +p’ ebz) U(qea, +q' eaz)U(qeb; + 
qd ebz), nm, € (pecy tp’ ecg)U(qec, +q eco) U (rea, +r’ ea) U(rebj +1’ ebg)U (recy +1’ eco), 
ji € (ped, +p’ edz)U (qed, +q' edz) U (red; +r’ edz) U(sea, +s’ eaz)U(seb; +5’ bz) U 
(secy +s’ eco)U(sed, +s’ ed2)} 
+{(ko,meT, nel, joF) : ko € (pee, +p’ ee2),me € (pe fitp'e fo)U(qeer+q ee2)U(qe fi + 
q'@ fz), n2 = (pegi +p’ eg2)U(qegi +q' egz2)U(ree, +r’ ee2)U(re fi tr’e fo)U(regi +r’ ego) 
jo € (pehy +p! ehe)U(qeh, +d ehe)U(reh, +1’ ehg)U(see; +s’ ee2)U(se fi +s’ fo) U 
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(seg, +s’ ego)U(sehy +s’ ehz)} CNT, I, F] + No[T, 1, F). 

Henceaeut+ BevC N,{T, I, F] + No[T, I, F). 

Now since Nj, N2 are proper subsets of Ni [T, I, F'] and N2[T,I, F] respectively, with both Nj, and 
Nz being hypervector spaces. Then N; + Np is a hypervector space which is properly contained in 
N,[T, I, F)+No[T, I, F]. Then we can conclude that Ni[T, I, F]+No[T, I, F'] isa NQ-Hypersubspace. 


2. Let N[T, I, F'] be NQ-Hypersubspace of V(T, J, F’) such that N,[T, I, F] C N[T, I, F'] and 
N,[T, 1, F] C N(T,I, Fl. 
Let u = (a, bT, cl, dF) E Ni[T, I, F] + N2[T, 1, F), then du, = (a1, 017, cil, dj F’) E Ni[T, I, F| 
and uz = (a2, beT,, col, da F’) € No[T,I, F] such that u € uy + ue. 
Since N,[T, I, F] C N[T, I, F] and No[T,I, F] C N[T,I, F], then uw, u2 € NT, 1, F]. 
Again since N[T, I, F] is a NQ-Hypersubspace of V(T’, I, F’), then we have that 
uy + ug C NIT, I, F) = ve NIT, Fi. 
Hence N,|T, I, F] + No|T, I, F] C N[T, I, F) and the proof follows. 








Proposition 3.27. Let V(T, I, F) be a super strong NQ-Hypervector space over a NQ-field K(T,I, F), 
letuy = (a1,07T,a1,d,F),u2 = (a2, beT, col, doF),-++ ,Un = (Gn, bnT, nl, doF) € V(T,I,F) and 
ay = (ky, mT, rl, tiF), a2 = (ke, meT, rel, toF) +++ ,an = (kn, MnT, tnt, tnF) € K(T,I, F). Then 


1. N(T,I,F) = Ufar eu + ag e ug +++ $On © Un : O1,02,'':, A, € K(T,I,F)} is a NQ- 
Hypersubspace of V(T, I, F). 


2. N(T,I, F) is the smallest NO-Hypersubspace of V(T, I, F’) containing uz, U2,+++ , Un. 
Proof: 
1. Follow similar approach as that of propositionB.26]above. 


2. Suppose that H(T, J, F’) is a super strong NQ-Hypersubspace of V(T, J, F’) containing 
Uy = (a1, by T, cI, d,F), ug = (a2, baT, col, d2F), oe Un = (an, bnT, Cyl, d,F). 
Lett € N(T, I, F), then there exists a, = (ki, mT, prt, nF), ag = (ko, meT, pol, QF), ae 
On = (kn, mT, pil, qa F) € K(T,I, F) such that 


t€az,e(a,,0,7T,c1,d,F) +09 (ag, beT, col, do F) +--+ +n © (Gn, b,T, CnI,d,F) C H(T,I, F) 


Therefore t € H(T, 1, F) => N(T,1, F) C H(T, 1, F). 
Hence N(T, I, F’) is the smallest NQ-Hypersubspace of V (T, I, F’) containing uy, u2,--+ , Un. 


Note: The NQ-Hypersubspace N(T, I, F’) of the super strong NQ-Hypervector space V(T, I, F’) over a NQ 
field K(T, I, F’) of proposition is said to be generated or spanned by the NQ-Hypervectors u1, ug,--+ Un 
and we write N(T,I, F) = span{uy,u2,+-+ ,Un}.- 


Definition 3.28. Let N,[T, I, F] and N2[T, I, F'] be two NQ-Hypersubspaces of a super strong NQ-Hypervector 
space (V(T,I, F),+,¢e, K(T,1, F)) over a NQ field K(T,I, F). V(L,I, F) is said to be the direct sum of 
N,[T, I, F] and N2[T, I, F] written V(T, I, F) = Ni[T,I, F] ® No[T, I, F'] if every element v € V(T, I, F) 
can be written uniquely as v = ny + ng where ni € Ni[T, I, F'] and ng € No[T, I, F}. 


Proposition 3.29. Let N,[T, I, F'] and N2[T, I, F| be two NQ-Hypersubspaces of a super strong NQ-Hypervector 
space (V(T,I, F),+,¢, K(T,I, F)) overaNQ field K(T,I, F). V(T,1,F) = N\[T,1,F] ® No[T, I, F] if 
and only if the following conditions hold: 


1. V(T,1,F) = Ni[T, I, F) + No[T, I, F]. 
2. Ni[T,I,F)A Ne[T, I, F] = {6}. 
Proof : Same as in classical case. 


Example 3.30. Let V(T, J, F) = R°(T,I, F) be a super strong NQ-Hypervector space over a NQ-field 
R(T, I, F) and let 

Ni(T,1,F) = {(u,6,w) : u = (a, bT, cl, dF), w = (k,mT,nlI, pF) € R(T,I, F)} and 

No(T,I,F) = {(0,v,0) : v = (e, fT, g1,hF) € R(T,I,F)}, be super strong NQ-Hypersubspaces of 
V(T, 1, F). Then V(T, I, F) = Ni(T,1,F)  No(T, 1, F). 
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To see this, let x = (u,v, w) € V(T,I, F), then x = (u, 0, w) + (0, v, 9), so 
ax € N,(T,1,F) + N2(T, I, F). Hence V(T, I, F) = Ni(T,1,F) + N2(T, I, F). 
To show that N;(T, I, F) 0 No(T, 1, F) = {0}, let « = (u,v, w) € Ni(T, 1, F) No(T, 1, F). 
Then v = 6, ie (e, fT, gI,hF) = (0,0T,07,0F) because x lies in Ni(T,J,F), andu = w = Oie 
(a, bT, cl, dF) = (k,mT,nI,pF) = (0,0T, 0, OF’) because x lies in No(T,I, F). Thus x = (6,0,0) = @, 
so 6 = (0,07, OF, OF’) is the only NQ-Hypervector in Ni (T, I, F) 1 No(T, I, F). 
Hence Ni(T, I, F) M No(T, 1, F) = {0, OT, 01, 0F} = {6}. 
—> V(T,I,F) = Ni(T,1,F) ® No(T, 1, F). 


Definition 3.31. Let N/T, I, F'| be a NQ-Hypersubspace of a super strong NQ-Hypervector space 
(V(T,1I,F),+,¢, K(T,I, F)) overaNQ-field K(T, I, F'). The quotient V(T, I, F)/N[T, I, F] is defined by 
the set 

{{ve] =v+ NTI, PF]: 0€ V(T,I, F)}. 


If for every [u], [vu] ¢ V(T, 1, F)/N[T, I, F] anda € K(T,I, F), we define: 
[u] © [eo] = (ut+v) + NIT, I, F] 


and 
a © [ul =[aeu] = {[e]:@€ acu}, 


it can be shown that (V(T, J, F)/N[T,I, F],®,©, K(T, I, F’)) is a super strong NQ-Hypervector space over 
NQ-field K(T, I, F’) called a super strong NQ quotient hypervector space. 


4 Linear Dependence, Independence, Bases and Dimensions of NQ- 
Hypervector Space 


Definition 4.1. Let (V(T, I, F),+,¢, K(T, I, F)) be a super strong NQ-Hypervector space over a NQ field 
K(T, I, F) and let 

BT, I, F) = {uy = (a1, biT, cl, dF), U2 = (a2, boT, col, d2F), se Un = (Gn, bnT, Cyl, d,F’)} be a 
subset of V(T, I, F’). B(T, I, F’) is said to generate or span V(T, I, F’) if V(T, I, F) = span(B(T, I, F)). 


Example 4.2. Let V(T,7,F) = R*(T,I,K) be a super strong NQ-Hypervector space over a NQ field 
R(T, 1, F) and let B(T, I, F) = {u, = ((1, 0T, OF, OF), (0, 07, OF, OF), (0, 0T, OF, OF), (0, 07, OF, 0F)), 
ug = ((0,0T, OF, OF), (1, 07, OF, OF), (0,07, OF, OF), (0,077, OF, 0F)), 

u3 = ((0,0T, OF, OF), (0,07, OF, OF), (1,07, OF, OF), (0,07, 07, 0F)), 

ug = ((0,0T, OF, OF), (0, 07, OF, OF), (0,07, OF, OF), (1,07, OF, OF'))}. 

Then B(T, I, F’) spans V(T, I, F). 


Definition 4.3. Let (V(T,I,F),+,¢e, K(T,I,F)) be a super strong NQ-Hypervector space over NQ-field 
K(T, I, F). The NQ vector u = (a, bT, cI, dF’) € V(T, I, F) is said to be a linear combination of the NQ 
vectors uy = (a1, by T, cl, dF), U2 = (a2, baT, col, dj F), m8 Un = (Gn, bn T, Cyl, d,F’) ca V(h, Tp) if 
there exists NQ-scalars ay = (k1,m1T, 811, t1F), ag = (ko, maT, sol, toF),-++ 5 An = (Kn, MnT, 8n1,tnF) € 
K(T, I, F) such that 

UWE AL e@U, + A2@ U2 +°°' + Ayn @ Un. 


Example 4.4. Let V(T,J,F) = R(T,I,F) be a weak NQ-Hypervector space over a field K = R. An 
element v = (1,17,4/,7F) € V(T,I, F) is a linear combination of the elements v; = (1,2T,—1/,—2F), 
v9 = (3,57, 21, 3F) € V(T, 1, F) 
Since 

GAT ALR) e260 07.18 oF) 2 10 (8,57 Or SP). 


Definition 4.5. Let (V(T, I, F),+,¢, K(T, I, F)) be a super strong NQ-Hypervector space over a NQ field 
K(T, I, F) and let 

BT, I, F) = {ur = (a1, biT, cil, dF), U2 = (a2, boT, col, d2F), ces Un = (Gn, bnT, Cyl, d,F’)} be a 
subset of V(T, I, F). 


1. B(T,I, F) is called a linearly dependent set if there exists NQ scalars ay = (ki, miT, s11,tiF),a2 = 
(ko, MoT, sol, teF),-++ ,Qn = (kn, MnT, Sn1,tnF) (not all zero) such that 


AEC ay,euy + ageug+t--- +n Un. 
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2. B(T,I, F) is called a linearly independent set if 
OE azeuzy tagetgat::-+ an © Uy 


implies that aj = ag =--- =a, = (0,0T, 01, 0F) = 0 








Example 4.6. Let V(T, J, F) = R(T, I, F) be a weak NQ-Hypervector space over a field KK = R. The sub- 
set B(T,I,F) = {(5,-7T, 51,4F), (3, —4T, 21, 2F), (—2,3T, —3T, -2T)} of V(T, I, F) is NQ linearly 
dependent set since 





6 €1e(5,—7T, 51,4F) + (—1) « (3, —4T, 27, 2F) + 1e (—2, 37, —3T, -2T) 


Example 4.7. Let V(T, J, F) = R(T, I, F) be a weak NQ-Hypervector space over a field K = R. The subset 
B(T, 1, F) = {(7,0T, 01, 0F), (0,37, 51, OF), (0,0, OT, —8T)} of V(T, I, F) is NQ linearly independent 
set over R because we can not find a, b, c € R such that 


6 €ae(7,0T,01,0F) +be (0,37, 51,0F) +ce (0,07, 0T, -8T) 


If possible then 6 € ae (7,07, 01, 0F) + be (0,37, 5/,0F) + ce (0, 0T, OT, —8T) implies that; 
0€ae7+be0+ce0 which forces a = 0, 

0€ae0+b0e3-+ ce 0 which forces b = 0, 

0€ae0+be5+ ce 0 which forces b = 0 and 

0€ ae0+be0+ce—8 which forces c = 0. 

Thus the equations are consistent anda = b=c=0. 








Proposition 4.8. Let (V(T,1I, F'),+,¢, K) be a weak NQ-Hypervector space over a field K. Any singleton set 
of non-null NQ vector of the weak NQ-Hypervector space V(T, 1, F) is linearly independent. 


Proof: Suppose that 06 4 v = (a,bT,cI,dF) € V(T,I, F). Let 6 € k ev and suppose that 9 #k € K. 
Then k~! € K and therefore, k~' e 6 C k~! e (kev) so that 


0 (k-tk) ev 
ley 
= {(a,yT,zl,wF):rcreleayeclebzelecweled} 
{(z, yT, 2I,wF) :« € {a},y € {b}, z € {c}, w © {d}} 
= {(a,bT,cI,dF)} 
= AO) 
This shows that » = @ which is a contradiction. Hence, k = @ and thus, the singleton {v} is a linearly 
independent set. 
We note that the singleton set will be linearly dependent if it contains a null NQ-vector and 6 4 k € K. This 
observation is recorded in the next proposition. 


a) 





Proposition 4.9. Let (V(T,1I, F'),+,¢,K) be a weak NQ-Hypervector space over a field K. Any set of NQ- 
vectors of the weak NQ-Hypervector space V(T,I, F) containing the null NQ-vector is always linearly de- 
pendent. 


Proof: Follows from Proposition [4.3] 
Proposition 4.10. Let (V(T,1I, F'),+,¢, K) be a weak NQ-Hypervector space over a field K and let 


B(K, I2) = {ui = (a1, iT, cil, dF), u2 = (aa, beT, col, d2F), me Un = (Gn, bnT, Crt, dF’) } 


be a subset of V(T,1, F). Then B(T, I, F) is a linearly dependent set if and only if at least one element of 
B(T,1I, F’) can be expressed as a linear combination of the remaining elements of B(T,I, F). 


Proof : Suppose that B(T, I, F’) is a linearly dependent set. Then there exists scalars ky, k,--- , kp, not 
all zero in K’ such that 
OE k,euytkgeugt::-t+tkyp e un. 


Suppose that k; 4 0, then ee € K and therefore 
kypte@ C kypte(kyeuy +kgeug +++» +kp © tn) 


(ky 'ky) @ uy + (ky 1k) @ ug +++» + (kp thn) © tn 
Leu + (kj kz) eug +--+ + (kp kn) © Un 
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This implies that 


—u, € (ky tke) eug+---+ (kp tkn) © Un 
(ur) € (—L)e [(ky kp) @ug +--+ + (hy thn) © Un] 
C (“10 ((ky Tha) © uz +--+ (-1) © (thin) © ttn) 
C (—ky*kz) e ug + (ky ks) @ ug +-++ + (—ky kn) @ Un. 
This shows that ui € span{ue2, uz,--- , Un}. 
Conversely, suppose that uy) € span{u2,us,--- ,Un} and suppose that 0 # —1 € K. Then there exists 


ka, k3,-++ , kn € K such that 
uy € kg eug+k3geug+---+ky e un 


and we have 
uy + (—u1) € (-loeurtkgeugtkzgeugtet+ky, oun. 


from which we have 
OE (-lheuy thkgeugtkgeugt-:-+kye un. 


Since —1 4 0 € K, it follows that B(T, J, F) is a linearly dependent set. 


Proposition 4.11. Let (V(T,I, F),+,¢, K(T,I, F)) be a super strong NQ-Hypervector space over a NQ- 
field K(T,1I,F') andlet M(T,I, F) and N(T, I, F) be subsets of V(T, I, F) such that M(T,I, F) C N(T,1,F). 


1. If M(T,1I, F) is linearly dependent, then N(T, I, F’) is linearly dependent. 
2. If N(T, I, F) is linearly independent, then M(T, I, F) is linearly independent. 
Proof: Same as in classical case. 


Definition 4.12. Let V(T, I, F') be a super strong(strong) NQ-Hypervector space over a NQ field K(T, I, F) 
(resp. neutrosophic field K(1)) and let 

B(T, I, F) = {ur = (a1, biT, cl, dF), U2 = (a2, boT, col, d2F), me Un = (Qn, bnT, Cyl, d,,F’)} be a 
subset of V(T, I, F'). B(T, I, F) is said to be a basis for V(T, I, F’) if the following conditions hold: 


1. B(T,I, F) is a linearly independent set 
2. V(T,I,F) = span(B(T, I, F)). 


If B(T, I, F) is finite and its cardinality is n, then V(T, I, F’) is called an n-dimensional super strong(strong) 
NQ-Hypervector space and we write dim,,(V(T, I, F))(resp.(dim,V(T, I, F))) =n. If B(T,I, F) is not 
finite, then V(T, I, F’) is called an infinite-dimensional super strong(strong) NQ-Hypervector space. 


Example 4.13. In.-2] B(T, I, F) is a basis for V(T,, I, F) and dim,,V(T, I, F) =4 


Proposition 4.14. Let (V(T,I, F),+,¢, K(T,1I, F)) be a finite dimensional super strong NQ-Hypervector 
space over a NQ field K(T, I, F) and let 

B(T, I, F) = {x1 = (ai, b1T, cl, dF), 2 => (a2, boT, col, d2F), me Un = Ln = (an, bnT, Cyl, d,,F’)} 
be a basis for V(T,I,F) . Then every non null NQ-Hypevector x = (a,bT,cI,dF) € V(T,I,K) has a 
unique representation. 


Proof: Since B(T, I, F’) isa basis for V(T, I, F) andx € V(T, I, K), there exist ay = (ki, miT, nil, tiF), 
2 = (ko, maT, nol, teF),+++ 5 An = (kn, MnT, Nl, ty F) such that 


TEaypery, t+agexo+::-+an ey, (1). 


Suppose we also let 7 € 3; e 7 + 62 @%2 +++-+ Bn e Xp, for some 6, = (p1,UT, 111, 51F), 
Bo = (p2, G2T, rol, 82F'),-- »Bn — (Pn: Onl, tnt, SnF) €E K(T,I,F). 
Therefore, —z € (—1) ex C (-1) e (6, ox + Boe x2 +--+ + Bye Ln) 

=> —wxé ((—l)e(G1¢21)) + ((-1) © (62 © 22)) +--+ ((-1) © (Bn © an)) 

=  ((—Le By) e 21) + ((—Le fg) e a2) +--+ + ((—1e Bn) © tn) 

= (—B1) e v1 + (—B2) eg +--+ + (—Bn) © ty. 
Therefore 

—@ € (—B1) e a1 + (—B2) @ @2 +--+ +(—Bn) © tn (2). 
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From (1) and (2) we obtain 
x+(—2) C (ayer, age 22 +-+++ One Lp) + ((—B1) 0 21 + (—Bo) @ @2 +--+ +(—Bn) © @y). 


Therefore 0 € x + (—x) C (ay + (—61)) @ & + (a2 + (—82)) @ v2 +--+ + (An + (—Bn)) © En. 
Since {21,%2,--+ , Zn} is a basis for V(T, I, F’) and 


0 € (ay — 81) © @ + (ag — Bg) @%2 +--+ (An — Bn) ern. 


Then it follows that 6 € a; — 6;, for allt = 1,2,--- ,n. Hence a; = b; , for alli = 1,2,--- ,n. 


5 Conclusion 


In this paper, we have studied Hypervector Space in the Neutrosophic Quadruple (NQ) environment. Their 
basic properties have been extended and established in the Neutrosophic Quadruple (NQ) environment. We 
hope to study the homomorphsms and establish more advanced properties of this structure in our future work. 
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Abstract 


In this paper, neutrosophic crisp supra bi-topological structure, which is a more general structure than neutrosophic 
crisp supra topological spaces, is built on neutrosophic crisp sets. The necessary arguments which are pairwise 
neutrosophic crisp supra open set, pairwise neutrosophic crisp supra closed set, pairwise neutrosophic crisp supra 
closure, pairwise neutrosophic crisp supra interior is defined, and their basic properties are presented. Finally, many 


examples are presented. 


Keywords: Neutrosophic crisp supra bi-topological spaces, neutrosophic crisp supra pairwise open (closed) sets, 
neutrosophic crisp supra bi-open (closed) sets. 


1. Introduction 


The concept of neutrosophy is a new branch of Philosophy introduced by Smarandache [1,2], and has many 
applications in different fields of sciences such as topology. As a generalization of the concept of topological spaces, 
Salama and Smarandache [3] defined neutrosophic crisp topological spaces in 2014. The crisp supra topological space 
was introduced by Mashhour et al. [4] In 1983, as a generalization of the concept of topological space. 
Jayaparthasarathy et al.[5] generalized this concept and introduced the concept of neutrosophic supra topological space 
in 2019, by using the neutrosophic fuzzy sets. Also, Al-Hamido presented a more general study, where he created the 
concept of neutrosophic crisp supra topological spaces [6] in 2020. In 2018 AL-Nafee et al. [7] introduced the notion 
of new neutrosophic crisp points and neutrosophic crisp separation axioms in neutrosophic crisp topological space. 
The concept of supra bi-topological spaces was introduced by Gowri, and Rajayal [8 ] as an extension of supra 
topological spaces in 2017. On the other hand, the concept of bi-topological spaces was introduced by Kelly [9] as an 
extension of topological spaces in 1963. He did define bi-topological space as a set endowed with two topologies. 
The concept of neutrosophic bi-topological spaces was introduced by Al-Hamido [10 ] as an extension of neutrosophic 


topological spaces in 2019. This concept has been studied in [11]. Also, the concept of neutrosophic crisp bi- 
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topological spaces was introduced by Al-Hamido [12] as an extension of neutrosophic crisp topological spaces in 
2018. Since the discovery of neutrosophic topological space and neutrosophic crisp topological space, there has been 
a concerted research efforts to find new neutrosophic open sets and neutrosophic crisp open sets, for more detail see 


[13-31]. 


In this paper, we use the neutrosophic crisp sets to introduce neutrosophic crisp supra bi-topological space. Also, we 
introduce new class of neutrosophic crisp supra open (closed) sets in this space, as pairwise neutrosophic crisp supra 
open set, pairwise neutrosophic crisp supra closed set, pairwise neutrosophic crisp supra closure, and we study some 


basic properties of this new neutrosophic crisp supra open (closed) sets. 


2. Preliminaries 

In this part, we recall some basic definitions and properties which are useful in this paper. 

Definition 2.1. [3] 

Let X # @ be a fixed set. A neutrosophic crisp set (NCS) JJ is an object having the form U =< Uj, U2, U3 >; 
U,,Uz and U3 are subsets of X, satisfying Uj; VU2 = 0, U,;OU3 = @ and U2 NU; = @. 

Definition 2.2. [3] 


On maybe defined in four ways as a neutrosophic crisp set, as follows : 


1. On=<@, Q, xX>. 
2. Oy=<@, X, @ >. 
3. On=<@, X, xX>. 
4. On=<@, 9, @>. 


Xy may be defined in four ways as a neutrosophic crisp set, as follows : 


Definition 2.3. [3] 


Let X # @ bea fixed set, and U =< U,, Uz, U3 >, V =< V1, V2, V3 > are two neutrosophic crisp sets, then: 
ULV may be defined as two ways, as follows : 


1. UUV =< U, UV;,, U2 U V2, U3 NV3 >. 
2: UUV =< U, UV,, Uz N V2, U3 NV3 >. 


UNV may be defined as two ways, as follows : 
3. UNV =< U, NV, Uz N V2, Uz UV3 >. 
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4. UNV =< U, NV;, Uz U V2, Uz UV3 >. 


Definition 24. [3] 


A neutrosophic crisp topology (NCT) on anon-empty set X isafamilyT ofneutrosophic crisp subsets in X may 
be satisfying the following axioms: 

1. Xy and @ybelong to T. 

2. T is closed under finite intersection. 


3. T is closed under arbitrary union. 


The pair (X, T) is a neutrosophic crisp topological space (NCTS) in X. Moreover, the elements in T are said to be 


neutrosophic crisp open sets (NCOS). A neutrosophic crisp set F is closed (NCCS) if and only if its complement F* 
is a neutrosophic crisp open set. 


Definition 25. [6] 


A neutrosophic crisp supra topology (NCST) on a non-empty set Xis a family Sofneutrosophic crisp subsets in X 
may be satisfying the following axioms: 
1. Xy and @ybelong to S. 


2. S is closed under arbitrary union. 
The pair(X, S) is said to be a neutrosophic crisp supra topological space (NCSTS) in X. Moreover, the elements in 


S are said to be neutrosophic crisp supra open sets (NCSOS). A neutrosophic crisp set F is neutrosophic crisp supra 


closed (NCSCS) if and only if its complement F* is neutrosophic crisp supra open. 


3. Neutrosophic crisp supra bi-topological space 


In this section, we introduce the neutrosophic crisp supra bi-topological space. Moreover, we introduce new types of 


neutrosophic crisp supra open (closed) sets in this space and study their properties. 


Definition 3.1. 


Let I’, 2 is two neutrosophic crisp supra topologies on a nonempty set X then (X,I°,, Iz) is aneutrosophic 
crisp supra bi-topological space (SBi-NCTS for short ). 

Example 3.2. 

Let X= {a,b}, [i={Oy, Xn, A, B, E}, [2={Oy, Xv, B, G}; A={<{a}, O,O>}, B={<, {b} O>}, E={<{a}, {b}, O>}, 
G={<©,D, {a}>}. 


Then (X,I°,),(X,I,) are neutrosophic crisp supra spaces. Therefore(X,I°y,I"2) is a neutrosophic crisp 


supra bi-topological space. 


Definition 3.3. 
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Let (X,1°;,[2) bea neutrosophic crisp supra bi-topological space. Elements in I'y UT are said to be 
neutrosophic crisp supra bi-open sets ( SBi-NCOS for short ). A neutrosophic crisp set F is neutrosophic crisp supra 


closed (SBi-NCCS for short ) if and only if its complement F* is a neutrosophic crisp supra bi-open set. 


- The family of all neutrosophic crisp supra bi-open sets is denoted by ( SBi-NCOS(X) ). 
- The family of all neutrosophic crisp supra bi-closed sets is denoted by ( SBi-NCCS(X) ). 
Example 3.4. 

In Example 3.2, the neutrosophic crisp supra bi-open sets (SBi-NCOS) are : 
SBi-NCOS(X) ={@y, Xn, A, B, E, G}. 

Remark 3.5. 


1. Every neutrosophic crisp supra open sets in (X,I°,) or (X,I,) is a neutrosophic crisp supra bi-open set. 


2. Every neutrosophic crisp supra closed sets in (X,I,) or (X,I’,) is a neutrosophic crisp supra bi-closed 
set. 


Remark 3.6. 


Every neutrosophic crisp supra bi-topological space (X,Iy,I'2) induces two neutrosophic crisp supra 
topological spaces as (X,T',),(X,T,). 


Remark 3.7. 


If (X,IT) is neutrosophic crisp supra topological space. Then (X,I°,I’) is a neutrosophic crisp supra bi- 
topological space. 


Remark 3.8. 
Let (X,I°;,T2) isa neutrosophic crisp supra bi-topological space ( SBi-NCTS). Then the union of two 


neutrosophic crisp supra bi-open (bi-closed) sets is not necessary a neutrosophic crisp supra bi-open (bi-closed) 
set as the following example shows that. 

Example 3.9. 

Let X={a,b}, Ti={Oy, Xy, A }, [2={Oy, Xn, B }; A={<{a},O,0>}, B={<@, {b}, {a}>}. Then (X,Ty,IT2) isa 
neutrosophic crisp supra bi-topological space. 

A, B are two neutrosophic crisp supra bi-open sets but AUB={<{a},{b},@>} is not a neutrosophic crisp supra 
bi-open set. 

Also, A‘, B° are two neutrosophic crisp supra bi-closed sets but AUB‘ ={<X, X, {b}>} is not a neutrosophic 


crisp supra bi-closed set. 


Remark 3.10. 


Let (X,I°;, 2) be a neutrosophic crisp supra bi-topological space ( SBi-NCTS ). Then the intersection of two 
neutrosophic crisp supra bi-open (bi-closed) sets is not necessary a neutrosophic crisp supra bi-open (bi-closed) 
set as the following example shows that. 


Example 3.11. 
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In Example 3.9, A, B are two neutrosophic crisp supra bi-open sets, but ANB={<@, @, {a}>} is not neutrosophic 
crisp supra bi-open set. 
Also, A‘, B° are two neutrosophic crisp supra bi-closed sets, but ASB ={<{b},{a},X>} is not neutrosophic 
crisp supra bi-closed set. 
4. The interior and the closure via neutrosophic Supra bi-open (closed) sets 

In this section we define the closure and interior neutrosophic crisp supra set based on these new varieties of 


neutrosophic crisp supra open and closed sets. Also, we introduce the basic properties of closure and the interior. 


Definition 4.1. 


Let (X, I, 2) be aneutrosophic crisp supra bi-topological space, and A be a neutrosophic crisp supra set then 


The union of any neutrosophic crisp supra bi-open sets contained in A is called a neutrosophic crisp supra bi- 


interior of A ( NCSint(A) ). 
NCSint(A) =U{B ;BcA; BeSBi-NCOS(X)}. 
Theorem 4.2. 


Let (X,I°,, Pz) bea neutrosophic crisp supra bi-topological space. If A, B are neutrosophic crisp supra sets then 


1. NCSint(A) cA. 
2. NCSint(A) is not necessary a neutrosophic crisp supra bi-open set. 
3. ACB => NCSint(A) < NCSint(B)- 

Proof : 


1. The proof follows from the definition of NCSint(A) as a union of any neutrosophic crisp supra bi-open sets 


contained in A. 
2. The proof follows from Remark 3.8. 
3. Obvious. 
Definition 4.3. 


Let (X, ';, 2) bea neutrosophic crisp supra bi-topological space. If A is neutrosophic crisp supra set then : 


The intersection of any a neutrosophic crisp supra bi-closed sets containing A is called neutrosophic crisp supra 
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bi-closure of A ( (NCScI(A) ). 
NCScl(A)= OB ;BDA; BeSBi-NCCS(X)}. 
Theorem 44. 


Let (X, °,, 2) be a neutrosophic crisp supra bi-topological space and A be a neutrosophic crisp supra set then: 


1. ACNCScl(A): 
2. NCScl(A) is not necessary a neutrosophic crisp supra bi-closed set. 
Proof : 


1. The proof follows from the definition of NCScl(A) as an intersection of any neutrosophic crisp supra bi- 


closed set contained A. 
2. The proof follows from Remark 3.10. 


5. Pairwise neutrosophic crisp supra open (closed) sets 


In this section, we introduce new concept of open and closed sets in neutrosophic crisp supra bi-topological space, 
as a pairwise neutrosophic crisp supra open(closed) sets. Also, we investigate the basic properties of this new concept 
of open and closed sets in SBi-NCTS . 

Definition 5.1 

Let (X,I°,,I°2) bea neutrosophic crisp supra bi-topological space. A neutrosophic crisp supra set A over X is said 
to be a pairwise neutrosophic crisp supra open set in (X, I';, I’2) if there exists a neutrosophic crisp supra open set B 
in I’; and a neutrosophic crisp supra open set C in I’, such that A=BUC . 

Definition 5.2 

Let (X,I°;, 12) be a neutrosophic crisp supra bi-topological space. A neutrosophic crisp supra set A over X is said 
to be a pairwise neutrosophic crisp supra closed set in (X, I°1, 2) if its crisp neutrosophic complement is a pairwise 
neutrosophic crisp supra open set in (X,I°,,I°2). Obviously, a neutrosophic crisp set A over X is a pairwise 
neutrosophic crisp supra closed set in (X,I°,, 2) if there exists a neutrosophic crisp supra closed set B in (Ty )° 
and a neutrosophic crisp supra closed set C in (Iz )* such that A=BNC . 

The family of all pairwise neutrosophic crisp supra open (closed) sets in (X,Iy,I'2) s denoted by 
PNCSO(X, I°';, 12) [PNCSC(X, T°, T2)]. 

Example 5.3 


In Example 3.9, the family of all pairwise neutrosophic crisp supra open (closed) sets in (X, "1, 2) 
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PNCSO(X, 1, [2)={ On, Xn, A, B, AUB }; 
AUB={<{a}, {b},O>}. 


Theorem 5.4 
Let (X,I°;, Pz) be a neutrosophic crisp supra bi-topological space. Then the family of all pairwise neutrosophic 


crisp supra open set is a neutrosophic crisp supra topology on X. This neutrosophic crisp supra topology is denoted 
by T42 : 
Proof: 
Since PyUOy = Oy , hence @y €V1, [2 Therefore Oy ¢ PNCSO(X, Ti, [2). Similarly, Xy ¢ PNCSO(X, I), (2). 
Let {(N;): i € I} S PNCSO(X,T,, 2). Ni is a pairwise neutrosophic crisp supra open set, V i € J. 
There exist Nj,¢€ [Ty and Nj2€ [2 such that = Njy U Niz V i € I, which implies that: 
Vier Ni = Vier(Nia U Ni2) = (ie Nis |) U ier Niz))- 
Since I°;, 2 are neutrosophic crisp supra topologies, Viel N41 € Ty and Viel N 1 ET. 
Therefore U j¢; Ni is a pairwise neutrosophic crisp supra open set. 
Remark 5.5 
Let (X,1°,I°2) be a neutrosophic crisp supra bi-topological space. Then an arbitrary intersection of pairwise 


neutrosophic crisp supra closed sets is a pairwise neutrosophic crisp closed set. 


Proof: 

Let {(N;):i € 1} © PNSC(X,1T,,12). Then Ni is a pairwise neutrosophic crisp supra closed set Vi € I, 
therefore there exist Njy€ (I";)° and Nie (T,)° such that Nj; = Ni O Niz Vi € I which implies that: 

Nier Ni = Nier(Nis O Ni2) = (ie Nis)) 9 Mier Niz))- 

Now, since I";, I’2 are neutrosophic crisp supra topologies, Niel 4] € (1,)° and NielN 1 € (I'2)°. Therefore, 
Nic; N; is a pairwise neutrosophic crisp supra closed set. 


Remark 5.6. 


1) Every neutrosophic crisp supra open sets in (X,I°,) or (X,I’,) is a pairwise neutrosophic crisp supra 


open set. 


2) Every neutrosophic crisp supra closed sets in (X,I°,) or (X,I’,) is a pairwise neutrosophic crisp supra 


closed set. 


Proof. Straightforward. 
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Remark 5.7. 
Let (X, ['y, 2) be a neutrosophic crisp supra bi-topological space then : 


1) Every neutrosophic crisp supra bi-open sets is a pairwise neutrosophic crisp supra open set, but the converse 


is not true. 


2) Every neutrosophic crisp supra bi-closed sets is a pairwise neutrosophic crisp supra closed set, but the 


converse is not true. 


Proof. Straightforward. 


Example 5.8. 
In Example 3.9 AUB is pairwise neutrosophic crisp supra open sets in (X, I°;, I'2) ,but it is not a neutrosophic crisp 


supra bi-open set . 


Definition 5.9. 
Let (X, I';, 2) bea neutrosophic crisp supra bi-topological space (SBi-NCTS) and let A be a neutrosophic crisp 
set. then the union of any neutrosophic crisp a pairwise supra open sets , contained in A is called pairwise 


neutrosophic crisp supra interior of A (PNS? ‘int(A)). and let A be a neutrosophic crisp set. 
PNS*int(A) =U{B: BCA;B € PNCSO(X,Ty,12)}. 
Theorem 5.10. 


Let (X,I°;, 2) be a neutrosophic crisp supra bi-topological space, and let A be a neutrosophic crisp set. then : 
1. PNS®int(A) CA. 
2. PNS#!int(A)is pairwise neutrosophic crisp supra open set . 


Proof : 


1. The proof follows from the definition of PNS?‘int(A) as a union of any pairwise neutrosophic crisp supra 


open sets ,contained in A. 


2. The proof follows from Theorem 5.4. 


Definition 5.11. 
Let (X,I°;, 2) be neutrosophic crisp supra bi-topological space (SBi-NCTS) and let A be a neutrosophic crisp 
set. Then the intersection of any neutrosophic crisp a pairwise supra closed sets , containing A is called pairwise 
neutrosophic crisp supra closer of A (PNS?‘cl(A)). 

PNS¥‘cl(A) =U {B: B> A;B € PNCSC(X,1T,T2)}. 
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Theorem 5.12. 


Let (X, I°,, 2) be neutrosophic crisp supra bi-topological space , A be a neutrosophic crisp set then : 
1. AcPNS®*cl(A) . 
2. PNS®*cl(A) is a pairwise neutrosophic crisp supra closed set. 

Proof : 


1. The proof follows from the definition of PN SBicl(A) as a intersection of any pairwise neutrosophic crisp 


supra closed set containing in A. 


2. The proof follows from remark 5.5. 


Remark 5.13. 
The following diagram shows the relationship between different types of neutrosophic crisp open sets that were studied 


in section 3 and section 5. 


6. Conclusion 


In this paper, we have defined a new topological space by using neutrosophic crisp sets due to Salama [3]. This 
new space called neutrosophic crisp supra bi-topological space .Then we have introduced new neutrosophic crisp 
open(closed) sets in neutrosophic crisp supra bi-topological space Also we studied some of their basic properties and 
their relationship with each other. We introduced pairwise neutrosophic crisp supra closure, pairwise neutrosophic 
crisp supra interior, we also have provided examples where such properties fail to be preserved. In addition, Many 
results have been established. This paper is just the beginning of a new structure, and we have studied a few ideas 
only, it will be necessary to carry out more theoretical research to establish a general framework for the practical 
application. In the future, using these notions, various classes of mappings on neutrosophic crisp supra bi-topological 
space, separation axioms on the neutrosophic crisp supra bi-topological spaces, neutrosophic crisp supra bi-a-open 
sets, neutrosophic crisp supra bi-B-open sets , neutrosophic crisp supra bi-pre-open sets , Neutrosophic crisp supra 


bi-semi-open sets and many researchers can be studied. 
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Abstract 


This paper presents operational laws along with their cosine measure for the numbers whose base 
is an interval value and study their properties. Consequent upon these definitions and properties 
neutrosophic cubic weighted exponential averaging and dual neutrosophic cubic weighted 
exponential averaging aggregation operators are defined. A multi attribute decision making method 
is then developed for proposed aggregation operators. An example is constructed as an application. 
The validity of multi attribute decision making method is also tested and comparative analysis is 
provided to compare these aggregation operators with existing results. 


Keywords: : Neutrosophic cubic number; dual neutrosophic cubic number; neutrosophic cubic exponential 
weighted averaging; dual neutrosophic cubic exponential weighted averaging ; multi attribute decision making. 


1.Introduction 

The decision making is an imperative part of cognitive based human activity. Multi attribute decision making 
method (MADM) provides a better environment to rank the set of alternatives under different criteria. The problem 
arises when vague and insufficient data is available. This uncertainty in data can be handle by fuzzy set theory (FS) 
presented by Zadeh [1] and its extensions like interval valued fuzzy set (IVFS) [2,3], intuitionistic fuzzy set [4], 
interval valued intuitionistic fuzzy set (IVIFS) [5], cubic set (CS) [6]. The intuitionistic fuzzy set attracted the 
researcher due to its structure of both membership, non-membership and hesitant component. Over the last few 
decades, several researchers used it for decision making problems [7,8,9,10,11,12]. In IFS the hesitancy component 
is depended upon the choice of membership degree and non-membership degree which restricted the choice of 
choosing. Smarandache defined a novel tool, neutrosophic set NS [13] to deal with vagueness in more desirable way. 
NS are generalization of IFS [14]. In NS all the components are independent. Soon after its presentation, it is further 
extended into INS [15], NCS [16] etc. The collection and manipulation of data is a hard job. In daily life problems we 
are often in a situation that the extraction of accurate and precise information is not possible due to the vague nature 
of problem, communication gaps, hesitancy etc. Thus NS and its extension are better tools to deal with such situation 
in comparison with IFS and cubic set. This characteristic of NS and INS attracted the researchers to apply it in different 
field of decision making process [17,18,19,20,21,22,23,24,25]. Neutrosophic Cubic Number (NCN) is a combination 
of INS and NS which makes it a better choice so that expert can choose the value in the form of an interval value and 
single value. NCS provides a better plate form to deal with vague and insufficient data. In recent pass researchers have 
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applied NCS to aggregation operators and decision making problem. Zhan et al. [26] worked on multi criteria decision 
making on neutrosophic cubic sets. Banerjee et al. [27] used GRA for multi criteria decision making on neutrosophic 
cubic set. Lu and Ye [28] defined cosine measure to neutrosophic cubic set. Pramanik et al. [29] used similarity 
measure to neutrosophic cubic set in 2017. Majid et al. [30] presented neutrosophic cubic Einstein geometric 
aggreagtion operators. Khalid et al. [31] introduced MBJ — Neutrosophic Translation on G-Algebra and Schweizer 
[32] studied two probabilities for the three states of neutrosophy. In their works all these researchers defined 
arithematic and Einstein operation and aggregations operators under neutrosophic cubic environment. It is observed 
in decision making process that the weight is based on the assumption to be in [0,1] and their sum is one. The aim of 
this work is to deal the situation where the weight is crisp or interval value. To support this task some new operational 
laws along with some aggregation operators are defined on NCS. 

Contribution In this work, we propose methodologies to measures the aggregate value of neutrosophic cubic values 
using exponential form. 


- The neutrosophic cubic exponential operational laws are defined along with some important properties. 

- Based on these operations and properties neutrosophic cubic exponential aggregations operators are defined. 
Validity and comparative analysis are discussed. 

- The neutrosophic cubic set is the combination of both neutrosophic and interval neutrosophic, this 
characteristic enable us to deal both interval valued neutrosophic and neutrosophic set at the same time. 


Organization This study consist of nine sections. Section | covers the introductory work of researchers over the 
some past decades. In section 2 the preliminaries work is reviewed which enable us to start this work. In section 3 
some exponential operational laws with base crisp and interval value are introduced, dual neutrosophic cubic number 
(DNCN) are defined and some useful properties are obtained. Cosine measures is defined to compare two NCN and 
DNCN. Section 4, presents neutrosophic cubic weighted exponential averaging (NCWEA) operators and dual 
neutrosophic cubic weighted exponential averaging (DNCWEA) aggregations operators are defined in which the 
weight is in the form of crisp value or interval valued and the exponents are NCS. Section 5 develops a decision 
making process for the proposed aggregations operators. An illustrative example is provided as an application in 
section 6. In Section 7, the validity test is performed for DM problem to check the validity of MADM. In section 8, 
the MADM based upon proposed aggregation operators is compared with some neutrosophic cubic weighted 
averaging (NCWA) and neutrosophic cubic Einstein weighted averaging (NCEWA) aggregation operators. The paper 
ends with conclusion in section 9. 


2. Preliminaries 
Definition 2.1 [13] A structure N = {(Zy(y). Lv) Fy (9) ye y} NS, where T,,, J,, and F, are fuzzy sets 


and respectively called truth, indeterminacy and falsity functions. 


Definition 2.2 [15] An INS in Yis a structure N = {(Fv).Fv (Fy)! ye yt whereT, (y) : i, (y) and 
F v(y) are interval valued fuzzy truth, indeterminacy an falsity function in Y respectively. 


Definition 2.3 [16] A structure A={(y,Ty(y).ly(9),Fy(9).Ty vf (0)5F (99)! yeYis NCS Gn: OY i Svhich 


(f.0)=[20.T7 |4,0)=[484 | Fy) = [Fe Fy ]} is an INS and (Lysdine ly is NS in Y. Simply denoted by 


N=(fy.Ly.FysTyslysFy) where [0,0]<T, +1, + Fy <[3,3}0<Ty +1y + Fy <3.N” denotes the 
collection of NCS in Y. 


For the sake of convenience the NCS are written as A=(T0 UG LFF LTitloF) 
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Definition 2.4 [30] The sum of two NCN, A=((TO0 |G [sees Ee | Betas) and 


B= (73,73), U5.131,1F.Fe],Ts.1s.Fs) is defined as 


aon-[™ aT Poa Ser Tee a ee 


(FLFL FUEL ),T Tol lysF, +E —F Fe 


Definition 2.5 [30] The product of two NCN, A= (tot | [it ll Rok. tds) and 


B=([Ty.Ty |.[45.18 |. FoF |.Totp-F) is defined as 


re Naga 1. ),(FL +R) - FLEE FY + FY - FYFE 


DO a Oy ON ee i 2) ce bre een aie oe 
Definition 2.6 [30] The scalar multiplication on a NCN A= (ere | Age i | : [ Fy, FE, | UNA F,] anda Scalar @ 
is defined 
1-d-T,)”,1--77)71,[1-d-14)",1-d-1£)71, 
oA= pA? U \@ a a a 
(Fr) (er) 1,(T,) (74) 1a F,) 
Theorem 2.7 [30] Let A= (ea ES albeoalbie res be a NCN, then the exponential operation 


is defined by 


oO 


Ie. Ia". (=F) .1-(-Fy ) 1, 
1-(1-T7,)” ,1-(1-1,)" .(F,)” 
3. Exponential operational laws with crisp and interval parameters on neutrosophic cubic sets 


Operational laws has a key role in any work. In this section we develop some exponential laws in neutrosophic 
cubic environment in which the exponential parameters are crisp and interval value. 


Definition 3.1 Let A= (pees ] ; [Ui I. ] : Be Fi ] nine ie F,) be a NCN the exponential law for crisp value 


Vis defined as 
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kaa in | kage pita)! 
j1- viral’ Jl- viral | 1-V™1-V"4,Vi% 
ary cave" Lara" caver | 


[i-arvy"" -(arv) Ja-aryy" les Grave lam (ace ia 


,Ve[0,1] 
Vie 


,V>l 





In both cases V“ isa NCN. 


Example 3.2 Let A =([0.2,0.8],[0.4,0.7],[0.1,0.5],0.7,0.2,0.6) be a NCN, V=0.5 and V=3, then 


, _ |([0.574,0.870],[0.659, 0.812], [0.066, 0.292],0.384, 0.129, 0.757), V = 0.5 
~ | ([0.801,0.411],[0.641, 0.460], [0.104, 0.425], 0.539, 0.198,0.514),V =3 


Definition 3.3 Let A (Tote | tts hare | tateh se): be a NCN and 
A = ((L 1] ; [1, 1] é [0, 0] , 0,0, 1) be maximum NCN, then the cosine measure(C,, ) is defined as 
C,,(A) = {cos (1-1) ST Mea ee ar aay HI-F,)C,(A)e [0,1] 


Remark 3.4 If C,, (A) and C,, (B) be the cosine measures of two NCN then C,(A)>C,(B) = A>B and 


C, (A) =C, (B)=> A=B 





Theorem 3.5 Let A = (ha vite Rives vil hh vie qv |i-v" -V" vis be a neutrosophic 


cubic value and V, 2 V,, then (v,)° >(V,)° for V,,V, €[0,1] and (Vv,)° <(V,)" for V,,V,>1. 
Proof: Let V,2V, and V,,V, €[0,1] then 


(yay Jee cv) | 





(V,)" = rl Fu r 1 I-F 
Aiea: deel | 
and 
apf, (Oren foros") 
a 2) jaw ci 2) (v.)™ 


1-7Y > (Vv, yo (vi) (V,) (vi >(V, ka 


PAA Sis) 4a PSI 
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cos((V,)*)=4= 1 Oe (eS 


IAVe) AIA) OM) 


TY 1-18 FY 


+1-(V,)_ HI=(V¥5) ea) 
(V.)" +(V,)" +1-(V,)" 


cos((V,)*) = a 





obviously (v,) 2(V,)°, if V,2V, and V,,V,>1, then O</V,,1/V, <1. 


Remark 3.6 Considering some values of V , we can affirm some special cases of (v)" . 
1. if V=1, then (V)° =([1,1],[1,1],[0,0],0,0,1). 


2. If A= ({1.1],[1.1].[0, 0]. 0, 0, 1) , then (v)" =({1,1],[1.1].[0,0],0,0,1). For each value of V. 





3. if A=([0,0].[0,0],[1.1],1,1,0) .then (V)' -((v.9}1.9}1-(9)" A-(¥)* |1-()" PAyy 7} 
Theorem 3.7 Let A=((Ttf Mads LL ROE talaF), B=([Tp.Ty |; |. [FERS |.TotyF,) and 


C =([t2.0e tee |. [Fe Fe | Testes Fe jhe three NCNs and Ve [0,1] (if V> 1,thenl/V) then the 
following holds. 

>» VWevi=-v?ev4 

> V@V%=V% ev" 

> (V®V*)@Vo =V4@(V’ OV‘) 

> V@V’ @Vo=V1@(V* eV’) 

Proof Straight forward, so omitted. 

Theorem 3.8 Let A=((7),7y [U0 JALAL | Tole), B=(trTe UG) [Fr A |.TteF,) be two 














NCNs and @ be a scalar then the following holds. 
> a @V? )=0V Gav? 

> (V4 ev? )*=(v4)" ev? )” 

> @Om)V =a Om 

p (veh) = (vA em 


Proof: Consider 
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|v vit faa ans | wee pea | 
a(V‘®V")=a ji-v#,1-v# |, ® ji-v#,1-v# ], 
1-V"™,1-V"4,Vi" 1-V”,1-V"2,Vi® 





1-Tt 1278 I-TL WIT 1-7 1-TY 1-7’ oir’ 
lv A4WV OV A 4V B_V BnNe oP il 


-V V 
kas 4s yh vis ya 4h yh ys 1, 
(1 Vv \(i-v"),(1-v \(1-v )]. 
),Q-v") 


(1-v" )(1- Vie (1- vi (I-v"), vi" 4vir yh Fs ys 
1-(1-v' - ys yits yt ys i (1- vk gh yk ys J’ 
. (1- vi ye yh ae -(1- vin _yh vey n 

[erry e-eyeeory} 


Ce | aacag ry ave) 
(1-(1-v"" ays yyy ) 


























Le 
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(i- ve 
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| (I- ye), " vit)" (iwi y" 
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dee 
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j-vi +(I- vit) 4 


(vy 


(I ) 

: cv ); 
-(1- vale veer | 

) 





(1- yi -(I- yr (1- ys) 


1-(1-V'™)" -(1-vi)" 4(1-vi 4)" + 


(1 yt y’ = (1 yh y° (1 yh y’ 


1-(I-vi" (i-v'™ in 
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Pa ar 
— 
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1 | 
b ee 
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+ 
— 
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| 
a 
y 
—"~" 
q 
| 
aS 


y s1-(1-0 
(ver far(-w yf (-(-oty (vy) 
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+ 
— 
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— 
| 
oe 
on 
ns 
q 
| 
i aN 


I-(I-v") (i-vi#y" ‘ 


1-(1-v"™ 
: 1-(I-vi#)" 41-(1-v"# \ (1-04 y i-v# )") 


la Vi @aV™ ao V™ enV" |,aVv" Oa V™ a V" OaV" 
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-(i-v'#) Jelr-f-v"))) 
(-(-w) Joli-(-9#))}] 
[i-fi-v#Y Je(i-(-04)") 
Ce eer) 


lav" Oa V", aV" @aV™ |.ov" ov", aV"*@OaV®, 


Gv eisiev yi Gey) Gv )"] 
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1 


la via @aV" aV"™ eav" || ov" @aV",aV" eav" |, 


la Vv" Oa Vv" o via eaV" |o VV" @aV",aV" OaV",aV" Oa V™ 


=a V‘@aV® 


[vit vir | ba ver | 
> (a@,+0,)V* =(a,+a,) 


j1-V™1-v# |1-v%,1-v4, ve 


pore eeeynn] 


i-tnapnearey 
(1 vey (i-v" ae 


(1- vi +a. eile a \+@2) -(1-vi ee 
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ley ery err wey ]p 
(ery | [eer f avy] 


1-(1-v")" 1-(1-v")" ,(vi%)" 











eye fey ory} 
Peer ee] 


1-(1-V™ J" 1-(1- vs (yin 


“(ry 


Definition 3.9 Let A=((7/,77 |. )[ FOF | tilaFs), B= (0% | bl Fly Talay) be two 





NCN, then d= [A, B | is referred as DNCN. 
“3 L pu L yU L pu , i 
Definition 3.10 Let A = ([7 Py |: be aly iF [F oo ] Be oe F,| be a NCN the exponential law for interval 


value parameter for V= Lv’. ve | is defined as 
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Par ee ee | 
cca sae ae Cx acca at ale 
[Pate pe = earn i, 
1— CW D1 — DD 

V4.7" © [0,1] 
[RPE PR er a ee | 
Be Sac Yale cance Shee Cama 
[Gre FP ra ee ye" |, 
Siane POY SS SPP OMe OY 
S)* = 
oe [AZO SPICE 9 SAE 
[ne Yar Ce 2 5 Se | 
[1 — anvyt FO", 1 — AKVe FO" 7, 
1 — CICV* 97.1 — CIC 0, AIC 
[alee 3) 2° tice ye | 
[ear Ss ieee te 
[i — rey FO 1 = AY FP" 7, 
1— Ie” 07.1 — AIG? 0 AI 


In both cases it is neutrosophic cubic dual. 


Example 3.11 Let A=((0.3,0.7],[0.2,0.7],[0.3,0.8],0.5,0.5,0.6) be a NCN andV=[0.3,0.7], V=[4,8], then 


0.303, 0.618],0.514,0.452,0.617 
[ [0.779, 0.898], [0.751,0.989], 
a_|IN 


( [0.430, 0.696], [0.381, 0.696], 
[ - 


,V =[0.3,0.7] 

() 0.101, 0.248], 0.807, 0.836, 0.867 

V = 
[0.378, 0.659], [0.329, 0.659], 
[0.340, 0.670], 0.564, 0.500, 0.574 8] 
[0.233,0.535],[0.189,0.535], \[> 
[0.464,0.810],0.712, 0.646, 0.435 


Definition 3.12 Let d, = [A;, B; | HG) =. 2) be two DNCN and @ be a real number then the algebraic operations 


are defined as 
> d,@d,=|A OA,,B,®B, | 
> d,@d,=|A @A,,B, @B, | 
> ad, =|vA,,oB, | 
“ (a) =|(4)".(B,)” | 
In these operations, first we use an interval exponential operational laws and then operation between NCNs or 
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real numbers are used. Hence it provide both the rationality of interval exponential operational laws and NCNs 
or real number operational laws as well. 


Definition 3.13 Let d={([71,74 | [Ft [Fase yl ysly (ole b[fotie b[FosFe ysleFu)f bea 


DNCN and d° ={([11],[11],[0,0.].0,0,1), ([1,1]. [1,1].[0.0,],0,0,1)} be the maximum DNCN, then the 


cosine measure(C,, ) is defined as 








C, (d)={cos¢(1 T+ Tt rt! Toth +P, tT th + F +1 T,, +1 Ti tl Pt Ny +R +Fe+Ty ty +l-Fe 
C,,(d)<[0,1] 


Definition 3.14 Let C,, (d,) and C,, (d,) be the cosine measures of two NCN then 


Qr 


C,,(d,) >C,,(d,) = 4, Sd and Ci(d)=Cxl ad, =a, 


4. Neutrosophic Cubic Exponential Weighted Aggregation operator 
Using definitions 3.1 and 3.10, in this section we propose the NCWEA and DNCWEA operators, where the base 


is crisp value or an interval numbers and the exponent is a NCNs. 


Definition 4.1 We define the Neutrosophic cubic weighted exponential averaging operator (NCWEA) as 


m 
NCWEA(N,, Np, Nm) = © (V;)% 
E= 1 
where N, (i =1,2,...,m) are weight and V,(i =1,2,...,m) real numbers respectively. 


Theorem 4.2 Let N,=([Ty,.Tx, |}[ 18,228, |+[Fa,> Fu, |-Tn,-%0,>Fs,) for =1,2,...,2) be the collection 


of NCs and V,(i =1,2,...,™) are real numbers respectively, then the NCWEA is a NCs, where 
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acy.) av.) | 
[avy 60] 
if Ve[0.1] 





I-Fy, 





1-@(1/V,)" 1-@(1/V,)" ,@(1/V,) 
( @ ( 


i=l i=l 


where N, (i =1,2,...,m) is the weight of V,(i = 1, 2,...,m). 
Proof To prove the theorem we use mathematical induction, let V, €[0,1] where i=1,2,...,m 


For m=2, we have 


























Ha(¥) tA (Ve) My p e(Yo) a (¥,) a) 
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) 
1-(¥,)"" 41-(¥,) -(I-(¥,)" J[I-(.)*), 
- 1-(¥,)" +1-(¥,) -(1-(9,)" J(I-(.)) | 
1-(V,)" +1-(¥,)™ -(1-(¥,)™ }(1-(¥,)™ J, 
1-(V,)" +1-(¥2) -(1-(¥,)")(I- (v2) }.(¥,) ™ (V2) ™ 








=| [1-(v,)* (7, )* 1-(7,)" (7) | 


2 
L(Viy Wa) a (Val) 





Assuming for =m, is aNCs that is 
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NCWEA(N,,N,,...,N,,) = 


: 1-3(9,)* 1-9(9,)" 








@(V, yt (Vou yon , 
m (Vou) 


i: _ | (Vou) 
@(V,) ne rk : 


(Vou ) oo 


_@ FN, @ " 
1-@(V,)", eee | 


NCWEA(N,,N 00 Nina) = 


1 -@(V, Yi 1-(V,.,)°"" 
i=l 
. 1=(Via) 
1—-@(V,)™., 
ao 1=(Vou yo, 
1-@(Vv,)"™, Grn eee 
1-Fy 
(V,) 
o+l Vv ) TL @ Vv ym 
i eget s 
atl L ofl L 
@ ( ya @ (v7) 











o+l o+l or+l 
1-@(¥,)" 1-@(¥,)".@(V,)™ 


i=l 


If V,>1, then 0<1/V, <1, and then using above procedure a similar proof can be obtained for the following 
aggregation operators 
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m m 


I-Ty, I-Ty, 
}eury,) -@(1/V,) 


[ m IAI, m l-IK, 7 
Petey) -@(1/V,) 


NCWEA(N,,N),...,N,,) = : 
[1-aqry,)" 1-@(9,)"], 
i=l 








i=l 





m 


(1/V,)" 1-@(1/V,)" .@(1/V,) 


i=l 


I-Fy, 





®s 


J- 


i=l 


This complete the proof. 


Definition 4.3 Let N,=([Ty,-Ty, |o[1y,2y, | Fa-Fu |-Tu,Lu,Fy,) for @=1,2,...,m) be the 
collection of NCs and V = [Wi Ve | (i=1,2,...,m) be the collection of interval numbers, then the DNCWEA 


operator is defined as 


m 


DNCWEA(N,,N,,..N,,)=8(¥,) 


i=l 


where N, (i =1,2,...,7) is the weight corresponding to V, = [viv | (i =1,2,...,m). 


Theorem 4.4 Ler N, = (Es By bi ] te slg AE Fy ] ny tee eae for (i =1,2,...,m) be the collection 
of NCs and V = [wi ve | (i =1,2,...,m) be collection of interval numbers, then the DNCWEA operator is given 


by 
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NCWEA(N,,N),..-5N,,) = 


So es ee | 


i=1 z=1 


Ses ea | 


i=1 z=1 
m L vt u 
[ 3 —@ ww )*™,1 —-@S WF D*™ |: 
i=1 i=1 
1—@9 Ww )7”,1 —-@S WW? )’”™ , 
i=1 i=1 


SS wt» ™ 


r= st 
| & wl Te BD WY Pre 
#=1 i=1 


OS wl 01, wy 7% ‘|; 


i=1 z=1 


v 


E —@ wl 97%. —-@® CY YP i 


i=1 z=1 
1 —@9 WV? )’”",1 —-@9 WV? >’, 


i=1 i=1 


Cova? 3t 


i=1 


BO al vty. B® Ave yt |. 


i=1 i=1 


SS Clvt yw. SD AVE TN ils 


i=1 z=1 
|: —@ Civ? 7” ,1 —-OD CAI VF |. 
i=1 zi=1 
1—-@S Cl VF D7”. 1 —-SS CAV WF YD”™, 
i=1 i=1 


es avy yt *™ 


i=1 


BD av" Te BB A" y1-7® |: 


i=1 z=1 


SS alv¥ 1 CLV 1 ‘|; 


i=1 i=1 


[3 —@d C/vY »>*™,1 —-@S al vy »y** dp 


i=1 z=1 


1—-@ civv¥ »”™, 


i=1 


1—6d a/v’. Al 1% 


i=1 i=1 


The proof is analogous to Theorem 4.2. 


5. Decision making method based on the NCWEA and DNCWEA operators 
Based on NCWEA and DNCWEA operators, a decision making problem can 
the weight is NCs and alternative value are crisp or interval numbers. 


For this consider the MADM problem with m alternative A= Cae a 


2: 
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fosv7F = VF =1 


Sf SE SS Ver > 1 


be dealt. In such MADM problem 


\ and C= yee be n 


attributes. An expert has evaluated these attributes in the form of NCs and the suitable alternative in the form of crisp 
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value V,, €[0,1] (1/V, 


yeif Vii> 1) or interval numbers. 


_Tuol wu L: L : U; U _ otis 
Vi =[Vi.Vy |C[O.1](1/V;.if Vi >151/VY, if Vy >1) for (§=1,2....,m5 jf =1,2,....n). 
Step 1: A preference value decision matrix D = [Vv ‘| or D= [Vv a” is constructed for m alternatives and n 


attributes, where weight is expressed as N, = ( J = [22-3 n) in NCs form for 








[BF bot, [a8 [Bala Fy 
corresponding attributes. 


Step 2: Using the suitable aggregation operator like NCEWA or DNCEWA the overall aggregated value is obtained. 
Step 3: Using the measurement function of definition 3.3 or definition 3.14, values are ranked. 
Step 4: The best alternative is chosen amongst the ranked. 


6. Example 


Next we provide an illustrative example as an application to our aggregation operators. 


Example 6.1 

Our example from daily life is an application to pick the best alternative using the decision making matrix 
with base either crisp values or interval numbers and weight as neutrosophic cubic number. 
A steering committee is interested to prioritize the set of information improvement project using a multi-attribute 
decision making method. The committee must prioritized the implementation and development of set of six 
information technologies improvement projects a j (j =1,2,...,6) . The weight of these six attributes are expressed 


in term of NCs 
([0.5,0.6],[0.2,0.5],[0.4, 0.8], 0.7, 0.8, 0.4) ,([0.2,0.5],[0.7, 0.9] ,[0.3, 0.7],0.8,0.5,0.3), 

{d,,4,,4;,d4,45,a,} =4([0.4,0.7],[0.2, 0.5], [0.5, 0.7],0.3, 0.6, 0.2) ,([0.3,0.6],[0.4,0.7],[0.2,0.5],0.6,0.4,0.7), 
([0.2,0.5],[0.3,0.7],[0.2, 0.6], 0.5, 0.3, 0.8), ([0.1, 0.6] ,[0.3, 0.6],[0.4, 0.8],0.6, 0.9, 0.4) 


by decision maker. The three factors (alternatives) {vis Vos y,} , Y,- productivity to maximize the efficiency and 
effectiveness, y, differentiation from products and services of competitors, and - y, management to assist the 


managers in enhancing the planning, are considered to assess the contribution of these project. The goal of committee 


is to choose best alternative among them. 


Step 1: The decision maker(s) is (are) required to make the suitable judgement of alternatives y, (i =1,2, 3) with 


respect to these attributes a, (j =1,2,...,6) and give the evaluated information of the crisp values V ne [0, 1] 3 


which is structured as follow. 


0.7 0.6 05 08 05 04 
D=(V,|=|0.5 0.7 09 04 06 0.7 
0.2 03 06 05 0.7 0.6 


Step 2: Utilizing the NCEWA operator to evaluate these preferences of alternatives 
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a(v,,) "| 


d, = NCWEA(4,,4),...,45) = 6 FE 6 re 
[-a(v.)"1-8(%.)* 


6 6 rae: ay 
1-@(v,,)"1-@(V,,) .@(V,,) : 








= ([0.0790, 0.2445], [0.0874, 0.2959], [0.6964, 0.9082], 0.8499, 0.8748, 0.1523) 
Similarly d, =([0.1266,0.2859],[0.1491, 0.3657], [0.5789, 0.8545],0.8381,0.8054,0.2616) 


d, = ({0.0367,0.1275}.[0.0459,0.1827],[0.8126, 0.9684], 0.9568, 0.9521, 0.0606) 
Step 3: We have — C,(d,)=0.9998067, C,,(d,)=0.9998217. and —C,, (d,) = 0.9997450, _ here 
C.. (d,) >C, (d,) ~G.. (d;) the ranking order of alternatives are y, > y, > y3. 


Step 4: The best alternative on the basis of these calculations is y, management to assist the managers in improving 
their planning. 
If the suitable judgment of each attribute y, (i = 2,3)is made for interval numbers of interval valued 


decision making matrix: 

In such a case the proposed MADM is based on DNCWEA operator may be applied to choose the suitable 
alternative, described in the following steps: 
Step 1: First of all the interval valued decision making matrix is formed by decision maker: 


[0.5,0.8] [0.4,0.6] [0.2,0.5] [0.7.0.9] [0.4,0.6] [0.3,0.4] 
D=(V,,)=| [0.4.0.5] [0.6,0.8] [0.8,0.9] [0.4,0.6] [0.5,0.6] [0.7,0.8] 
[0.2,0.3] [0.3.0.5] [0.5,0.7] [0.4,0.5] [0.6.0.8] [0.5,0.8] 


Step 2: The proposed MADM based on DNCWEA operator is applied to decision making matrix considering NC 


values of attributes a, (j =1,2,...,6) as weight for alternatives y, (i = 1,2, 3). 
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d, = NCWEA(4,,d),...,4) = is i 











_j(l [0.0163,0.1001],[0.0220, 0.1216], [0.8766, 0.9819], 0.9547, 0.9691,0.0348), 
~ | ({0.1061, 0.2962], [0.1424, 0.3700], [0.1524, 0.4290], 0.2675, 0.8458, 0.1773) 


([0.0835, 0.2133], [0.09542, 0.2875], [0.6657, 0.9098], 0.8921, 0.8609, 0.1802) 
a ([0.2221, 0.3792], [0.2173,0.4416],[0.4986, 0.7823] , 0.7512, 0.7240, 0.2018) 


[0.0211, 0.0951], [0.0274, 0.1384], [0.8525, 0.9804], 0.9703, 0.9682, 0.0426) 
a ie ee 


Step 3: To rank the value the cosine measure is determined for the values computed in Step 2, 


C.. (4,) = 0.3346,C,, (d,) = 0.3613,C,, (d,) = 0.2460. The ranked alternatives areas y, > y, > J3. 


Step 4: The best alternative on the basis of these calculations is y, management to assist the managers in improving 


their planning. 


7. Validity Test 

Wang and Triantaphyllou [33] proposed criteria to figure out the validity of a MADM method. 
Test Criterion 1: "The replacement of a non-optimal alternative with an arbitrary worse value does not change the 
index of best alternative". 
Test Criterion 2: "The transitive property is satisfied by an effective MADM method ". 
Test Criterion 3: "If MADM problem is decomposed into the sub DM problem and the same MADM procedure is 
applied to sub problem for ranking of alternatives, the order ranking of the alternatives must be similar to ranking of 
un decomposed DM problem". 
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Validity Test by Criterion 1 


We change the rating value of non-optimal alternative y, by y; = [0.3 0.8 0.4 0.2 0.9 0.5], we 
have d; = ([0.0307,0.1155],[0.0272,0.1118],[0.8034,0.9585], 0.9348, 0.9462, 0.0579) 


and C,, (d,) = (0.1695, made no changes in said method. 


Validity test graphical representation 








1 2 3 
Propsed Example 














Non-optinal alternative replacement 


Fig.1: Comparison of graph by changing an alternative with non-optimal alternative. 


The graph indicates that if the non-optimal value does not cause any change in optimal alternative, which is 
1 (y,) in this graph and 3(y;) is non-optimal alternative. 


Validity Test by Criterion 2 


Under this criterion we decompose the decision matrix into {y, > Vo \ . { yi» 3 \ and { Vo5 V3 \ » Wwe observe 


that y,>y,, ¥, > y,and y, > y;. That is transitive property is satisfied. 
Validity Test by Criterion 3 
By validity test in criterion 2, we observe that the sub DM satisfy the original ranking order, that is 


Va? Sy Vee 
Hence validity test 1,2 and 3 are satisfied by MADM. 


8. Comparison Analysis 


In this section we compare the exponential aggregation operator with NCWA operator. 
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6 6 
[1- ean; )"1-@U-Ty a 
iz ’ ir 7 
6 , 6 ; 
[1-0-1 )/,1-@d-I, a 
J= J j=l J 


[8 (75,)".8(:)" 
6 


@(1,)".8(t5,)" 1-@0-(F,))” 


j=l 


d, = NCWA(4,,4,,-..,¢) = 





d, =([0.7311,0.9551],[0.8277, 0.9352], [0.0154, 0.2351], 0.1429, 0.1102,0.9072) 
d, =([0.7309, 0.9682] ,[0.8384, 0.9880], [0.0153,0.2411],0.0910,0.1086, 0.9062) 
d, =([0.5974, 0.9262] ,[0.7160, 0.9608], [0.0334, 0.3001], 0.1484, 0.1461,0.9072) 


In this caseC. (4,)= 0.9831,C, ( d,) =0.9851, ana (4s )= 0.9663. This yields that 


Yo 7 Vi > V3: 
Here the role of real number (base) is change by weight in neutrosophic cubic weighted aggregation operator 
(NCWA) operator, we observe the same result as by NCEWA operator. 
Now we compare the exponential aggregation operator with NCWA operator. 
@lrori)’ lta)” @lteas,)” ae 


rarer ar ear et-ar 


6 a 6 wy 6 wy 6 , Wy 
Sor) -Slt-m)" Glens)’ -9l-n) 
j=l j=l j=l j=l 

6 +r Wy 6 : Ww; Lie 3 a 5 6 i | 
@(1+ 7%, +@(I-T, @(l+ 7, +@(I-T%, 
jal j=l jal jal 




















| 26(F%,) er)’ 
d) = NCWA(d,,4yy...g) = 7 Cae an 7 
@(2-Fi; ; +@(Fi] : @(2-F 2 '+@( (Fi, 
2@(1.,) 2@(/,) ee ve 











6 Ww 6 wi > 6 wi 6 Wy 6 Wy 
@(2-7, ] +@(7,,) @(2-1,,) +@(Is,) @ll4R,)” +@(I-F,,) 
j=l j=l j=l j=l j=l j=l 


d, =([0.7231,0.9424] [0.8 123, 0.9042], [0.0167,0.2413],0.1325, 0.1245, 0.8952) 
d, =([0.7241,0.9523],[0.8258, 0.9752],[0.0149, 0.2253], 0.0985, 0.1436, 0.8967) 
d, =([0.5862,0.9155],[0.7012,0.9624],[0.0337, 0.3001], 0.1325, 0.1453, 0.9157) 


In this case C, (4, |= 0.9725,C,, (4, |= 0.9753,and C,, (d; )= 0.9574 This yields that y, > y, > y,. Here 


the role of real number (base) is change by weight in neutrosophic cubic Einstein weighted aggregation operator 


(NCEWA) operator, we observe the we get the same result as by NCEWA operator. 
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Comparison of NCWEA, NCA, NCEWA 








ME wea 
I cea 


if _ 
1 2 3 


Fig.2: Graphical comparison of NCWEA with NCWA and NCEWA. 
From the graph it is clear that NCWEA produce same result as NCWA and NCEWA, so we have a good tool to 











o 
a 











deal the cases in which neutrosophic cubic values appears in exponential form. 


9. Conclusion 


This manuscript presents a novel exponential operational laws (EOL) on NCSs with base crisp value and interval 
value which is an effective addition to the existing laws. We evaluated some properties and relations. Based upon 
these EOLs, we established NCWEA and DNCWEA operators. These aggregation operators are applied to establish 
a MADM for solving the daily life problem with the neutrosophic cubic information. The proposed method is used 
upon a daily life problem as an application. A comparative analysis with neutrosophic cubic weighted aggregation 
operator (NCWA) and neutrosophic cubic Einstein weighted aggregation operator (NCEWA) is provided to show the 
effectiveness of the approach. The graphical representation is accomplished between these operators. It is concluded 
that these newly defined operational laws and the proposed aggregation operators can parallelly be used to solve the 
MADM problems in more accomplished manner. 
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Abstract 


In this paper we introduce the notions of AH-ideal and AHS-ideal as new kinds of neutrosophic substructures 
defined in a neutrosophic ring. We investigate the properties of these substructures and some related concepts as 


AH-weak principal ideal, AH-weak prime ideal and AH-weak maximal ideal. 


Keywords: Neutrosophic ring, AH-ideal, AHS-ideal, Neutrosophic substructure, AHS-homomorphism. 
1. Introduction 


Neutrosophy as a branch of philosophy introduced by Smarandache has many applications in both real world and 
mathematical concepts, especially, in algebra. The notion of neutrosophic groups and rings is defined by Kandasamy 
and Smarandache in [9], and studied widely in [3 , 4, 7]. Studies were carried out on neutrosophic rings, 
neutrosophic hyperring, and neutrosophic refined rings. See [1-2]. Neutrosophic rings have many interesting 
properties and substructures such as neutrosophic subrings and neutrosophic ideals. They are defined and studied 
widely. See [1 ,3 , 4]. In this work we focus on subsets with form P+QI where P,Q are ideals in the ring R. Two new 
kinds of neutrosophic substructures which we call AH-ideals and AHS-ideals can be defined by the previous aspect. 
We prove many theorems which describe their essential properties. Also, we introduce some related concepts such 
as AH-weak principal ideal, AH-weak prime ideal and AH-weak maximal ideal which have many interesting 


properties similar to the properties of the classical principal, maximal and prime ideals defined in classical rings. 
For our purpose we introduce the concept of AHS-homomorhism and AHS-isomorphism. 


Motivation 


Since the neutrosophic ring under addition and multiplication (+ and x) R()={atbl ; a,b €ER,Ris aring} can be 
represented as R+RI [4], we are interested in studying the subsets with form P+QI; where P, Q are ideals in R, in 


addition to investigating their properties. 
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2. Preliminaries 


In this section we introduce a short revision of some theorems and definitions about ideals and neutrosophic ideals. 
Definition 2.1:[8] 

Let (R,+,x) be a ring and P be an ideal of R 

(a) P is called prime ifa x b € Pimpliesa€ PorbeP forabeR. 

(b)P is called maximal if there is no proper ideal J is containing P. 

(c) P is called principal if P=<a> for some a€ R. 

(d) The set M= {x € R; An € Z such x” € P} is called the root ideal of P and we denote it by VP. 

Theorem 2.2:[8] 


Let R, T be two commutative rings and f: R > T be a ring homomorphism; let P be an ideal in R and J an ideal in T 


such # Tand kerf < P #R, then 

(a) P is prime in R if and only if f(P) is prime in T. 

(b) P is maximal in R if and only if f(P) is maximal in T. 
(c) J is prime in T if and only if f~1(J) is prime in R. 

(d) Jis maximal in T if and only if f~1(J) is maximal in R. 
Definition 2.3:[9] 


Let (R,+,x) be a ring, then R(D={a + bl; a,b € R} is called the neutrosophic ring; where I is a neutrosophic 


indeterminate element with the condition J? = I. 

Definition 2.4:[9] 

Let R(1) be a neutrosophic ring, a non-empty subset P of R(I) is called a neutrosophic ideal if : 
(a) P is a neutrosophic subring of R(1). 

(b) for every p € Pandr € R(/), wehave rxp,pxreP. 

Theorem 2.5: [8] 

Let P, Q be two ideals in the ring R, then PNQ,P+Q,P xX Qare ideals inR. 
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For definitions of P+Q, PxQ, [see 8, pp. 49-53]. 
3. Main concepts and discussion 
Definition 3.1: 


Let R be a ring and R(1) be the related neutrosophic ring and P = Py + Pil = {ay + ayl; ag E Py, a, € 
P,}; Po, P, are two subsets of R. 


(a)We say that P is an AH-ideal if Pp, P; are ideals in the ring R. 
(b)We say that P is an AHS-ideal if Pp = P,. 

(c) The AH-ideal P is called null if Py, P; € {R ,O }. 

Theorem 3.2: 


Let R(1) be a neutrosophic ring and P = Py + P,I be an AH-ideal, then P is not a neutrosophic ideal in general by 


the classical meaning. 
Proof: 


Since Pp, P, are ideals, they are subgroups of (R,+), thus P = Py + P,/ is a neutrosophic subgroup of (R(J),+). Now 
suppose that 


r=m+nleERU),a=a,+aleEP. 


We havea = 19d + (ya, + a9 + 79a,)1, we remark that 7a, +74a9 + 79a, does not nessecary belong to P, 


because ay does not belong to P, thus P is not supposed to be an ideal. See example 3.17. 

It is easy to see that if Py = P,, then P = Py + P,/ is a neutrosophic ideal in the classical meaning. 

Remark 3.3: 

We can define the right AH-ideal as Py, P; are right ideals in R, and the left AH-ideal as Pp, P, are left ideals in R. 
Definition 3.4: 

Let R(1) be a neutrosophic ring and P = Py + P,I , Q = Qy + Q,!] be two AH-ideals. Then we define: 

P+Q=(Po + Qo) + (Pi + QI. 

PNQ= (Po NQo) + (AN QDI. 


PxXQ = PyQo t+ (P1Qo + PoQ1 + PiQi)I. 
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Theorem 3.5: 

Let R() be a neutrosophic ring and P = Py + P,I , Q = Qo + Q,!] be two AH-ideals, then 
P+Qand PN Q, PxQ are AH-ideals. 

Proof: 


P; X Q;, P; + Q;, P; N Q; fori € {0,1} are ideals in R as a result of Theorem 2.5, thus we get the proof. See example 
3.17. 


Definition 3.6: 


Let R() be acommutativeneutrosophic ring and P = Py + P,J be an AH-ideal then the AH-root of P can be defined 
as: AH — Rad(P) = ,/Py + JP, I. 


Theorem 3.7: 
Every AH-root of an AH-ideal is also AH-ideal. 
Proof: 


Since iPr is an ideal in R we get that 5 Ps + Pi I is an AH-ideal of the neutrosophic ring R(1). 


It is easy to see that if P is an AHS-ideal then the AH-root of P is also an AHS-ideal because Pa = Pe : 
Definition 3.8: 


Let R(J) be a neutrosophic ring and P = Py + P,/ be an AH-ideal. Then we define the AH-factor as: R(I)/P = 
R/Po + R/P, I. 


Theorem 3.9: 


Let R(J) be a neutrosophic ring and P = Py + P,J be an AH-ideal then R(/)/P is a ring with the following two 


binary operations 
[(xo + Po) + (yo + Py) + [G41 + Po) +1 + PD = 
[(x%p + x1 + Po) + Yo ty + PDI] 
[(xo + Po) + (Vo + Prt] X [C1 + Po) + Orn + Pr] =L 00 X 1 + Po) + (Yo X 1 + P,DII. 


Proof: 
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Since Py, P, are ideals in R, thenR/P),R/P,are rings, so R(I)/P under the previous operations is closed. It is 


obvious that (R(I)/P_ ,+) is abelian neutrosophic group. 


Addition is well defined, suppose that [(%9 + Py) + (vo + PI] = [041 + Po) + G1 + P,)I] s0 (Xp + Po) = 
(x1 + Po) and (yo + Py) = (1 + Py) thus x1 — x9 € Po, V1 — Yo E Py 


[(x2 + Po) + (v2 + Py )I] = [C3 + Po) + (3 + Py) I]so(x2 + Po) = (x3 + Po) and (yz + Pi) = (v3 + P;) thus 
X3— X_ E Po, y3 —y2 E Py 


[(xo + Po) + (Yo + Py )I + [x2 + Po) + 2 + Pr)I] = [Xo + x2 + Po) + (Yo + ¥2 + P,)IJand 
[(x, + Po) + (1 + Pr)I] + [x3 + Po) + (v3 + Pi] = [01 + x3 + Po) + On +93 + Pr] 


We can see that (x, + x3) — (%p + x2) = (4% — Xo) + (%3 — X2) € Po and (y1 + ¥3) — (Yo + ¥2) = (1 — Yo) + 
(v3 — 2) € P,thus [Cx + x3 + Po) + O1 + ¥3 + Py )I] = [xo + x2 + Po) + Oo + yo + Pi II. 


Multiplication is well defined.Sincex, — x9 € Pothen (x, — Xo) X X2 = X14 X Xz — Xo X Xz E Po, by the same we 
find x, X (%3 — X2) = x1 X X3 — XX X_ E Po that implies (x, * x2 — Xp X Xp) + (Xy XXz— Hy X XQ) = 


X1yXX3—-X XxX)EP 
1 3 0 2 0 


By the same argument we find (y, X y3 — Yo X Y2) € P,thus (y, X v3 + P,)= (Yo X yo + P,) and (x, X x3 + 


Po) = (Xo X X2 + Po);thus addition and multiplication are well defined. 
The multiplication is associative and distributive with respect to addition. 


Let x = (% + Po) + Wo +P sy = (%1 + Po) +O, + PDL, Zz = (2 + Po) + G2 + P,)I be three elements in 
R(1)/P we have: 


xX (y +z) = [(%o + Po) + (Yo + Pi] X [1 + 2 + Po) + 1 + 2 + PI = 
[xo X (xy + X2) + Pol + [yo X O41 + Y2) + Pall = [xo X X14 + Xo X X2 + Pol + [Vo X M1 + Yo X V2 + P| = 


[(%o + Po) + (Vo + Py IIx Cy + Po) + Cr + PrdIT+ [(%0 + Po) + Oo + Pr IX (x2 + Po) + (v2 + Py] =x x 
yrxxz. 


Following the same argument,we can prove that (y+z)xXx = yXx +ZXx. 
Thus we get the proof. 
Definiton 3.10: 


Let R(), T(J) be two neutrosophic rings and the map f:R() > TU) we say that f is aneutrosophic AHS- 
homomrphism if 
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The restriction of the map f on R is aring homomorphism from R to T i.e.fg: R > Tis homomorphism and 

f(a + bl) = fala) + fr(byJ. 

We say that R(1), T(J) are AHS-isomomrphic neutrosophic rings if there is a neutrosophic AHS-homomorphism 
f: RC) > T()which is a bijective map i.e (R = T), we say that f is a neutrosophic AHS-isomorphism. 
Example 3.11: 


Suppose that R = (Z,,+,,X),T = (Zio, +,X) are two rings, we have f:R(I) > TJ); f(a + bI) = 5a + 5D is an 


AHS-homomorphism because fg:R > T ; fp(a) = 5a is a homomorphism between R and T. 


The previous example shows that AHS-homomorphism is not supposed to be a neutrosophic ring homomorphism 
defined in[3] because f7) = f(0+1.1F = f(0)+fG)J =0+5/ =5/ #J. 


It is easy to see that if f: RU) > T(J) is a neutrosophic AHS-homomorphism then f(R (1) = fr(R) + fr(R)J. 
The AH-kernel of f: RU) — TQ) can be defined as AH — Kerf = Kerfp + Kerfr] 


In the last example we have Ker fp = {0,2,4} thus AH — kerf = Kerf + Kerfpl= {0, 2, 4, 21, 41, 2+4I, 2421, 
4+21, 4+41 }. 


If Q= Qo + Q,J is an AH-ideal of T(J),then the inverse image of Q is 
f*(Q) = fr* (Qo) + fr* (QI. 
Theorem 3.12: 


Let R(), T(J) be two neutrosophic rings and f: R(I)>T(J) is a neutrosophic ring AHS-homomorphism, let P = Py + 
P,I be an AH-ideal of R(I) and Q = Qy + Q,/ be an AH-ideal of T(J), then we have 


(a) f(P) is an AH-ideal of f(R(D). 

(b) f~1(Q) is an AH-ideal of R(I). 

(c) If P is AHS-ideal of R(D, then f(P) is an AHS-ideal of f(R(D)). 

(d) AH — kerf = kerfp + kerfpl is an AHS-ideal; fp is the restriction of f on the ring R. 
(e) The AH-factor R(I)/kerf is AHS — isomorphic to f(R()). 

Proof: 


(a) Since f can be restricted on R, by Definition 3.10, we can write 
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FCP) = fr(Po) + fr(P,)J. Since fp(P;); i € {0,1} is an ideal in f(R), thus f(P) is an AH-ideal in f(R(D). 
(b) Since f~1(Q) = fr1(Qo) + fr 2(Q,)1 and fr 1(Q;); i € {0,1} is an ideal in R so f~1(Q) is an AH-ideal of T(J). 
(c) We have Py = P,, so fp(Po) = fr(P,) and f(P) must be an AHS-ideal. 

(d) Since ker fp is an ideal of R then AH — kerf = kerfp + kerfpl is an AHS-ideal of R(). 

(e) Since fis a ring homomorphism, then R/kerfp = f(R) so we get: 

R(D)/kerf = R/ker fg + R/kerfpJ = fr(R) + fa(RJ = f(RW). 

We mean by the symbol = the concept of AHS-isomorphism introduced in Definition 3.10. 

[For more clarity see Examples 3.17 and 3.18]. 

Definition 3.13: 

Let R(1) be a neutrosophic commutative ring and P = Py + P,! be an AH-ideal. Then we say that 

(a) P is a weak prime AH-ideal if Pp, P; are prime ideals in R. 

(b) P is a weak maximal AH-ideal if Pp, P; are maximal ideals in R. 

(c) P is a weak principal AH-ideal if Py, P, are principal ideals in R. 

Definition 3.14: 


Let R(I) be a commutative neutrosophicring,we call it a weak principal AH-ring if every AH-ideal is a weak AH- 


principal ideal. 

Theorem 3.15: 

Let R(1), T(J) be two commutative neutrosophic rings with a neutrosophicAHS-homomorphism f: R()>T(J) then 
If P =P) + P,/ is an AHS- ideal of R(I) and AH-Ker f < P# R(/) then 

(a) P is a weak prime AHS-ideal if and only if f(P) is a weak prime AHS-ideal in f(R(D). 

(b) P is a weak maximal AHS-ideal if and only if f(P) is a weak maximal AHS-ideal in f(R(1)). 


(c) IfQ = Q, + Q,J is an AH-ideal of T(J) then it is a weak prime AH-ideal if and only if f~1(Q) is a weak prime in 
Rd). 


(d) If Q =Qy + Q,Jis an AHS-ideal of T(J) then it is a weak maximal AHS-ideal if and only if f~1(Q) is a weak 


maximal in R(I). 
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Proof: 
(a) We have AH-Ker f < P sokerfp < Py, kerfp < P,.We can find 


fr(Po) = fr(P1)and both of them are ideals in f(R); thus f(P) = fr(Po) + fr(P,)J is a weak prime AHS-ideal in 
f(R()) if and only if P is a weak prime AH-ideal in R(1) as a result of theorem 2.2. 


(b) Following the same argument, we can get the proof. 


(c) We have that f-1(Q) = fr *(Qo) + fr “(Q1)1, and fr *(Qo), fr *(Q1) are prime in R if and only if Qo, Q; are 
prime in T, then the proof holds. 


(d) We have f~1(Q) = fr ‘(Qo) + fr (Q,)I, and fr *(Qo), fr *(Q,) are maximal in R if and only if Qy, Q, are 
maximal in T by theorem (2.2), thus the proof holds. 


Remark 3.16: 


It is easy to see that if P is an AH-ideal in R(1) then (a) and (b) are still true. 
(c), (d) are still true if Q is an AHS-ideal. 


Example 3.17: 

In this example we clarify some of introduced concepts. 

Let R(I)=Z,(1), Po = {0,2,4}, P, = {0,3} are two ideals in Z, then we have 

(a) P=Py + P,I = {0,2,4 ,2+31,443], 31} is an AH-ideal. 

(b) Q=P, + P,I = {0,3,3 + 31, 31} is an AHS-ideal because P, = P,. 

(c) We have: R/Py={Pp , 1+ Po } and R/P, = {P,,1+P,,2 + P,}; thus the AH-factor 

R(D)/P={Po t+ Pl, Pot +P), Po + (24+ Py)l, A+Po) + Ppl, +P) + (1 + Py)I, +Po) + (2 + Py)I } 
We shoud remark that Pp) = Py + 0.J and0=0+ O11. 


(d)We can clarify the addition on the AH-factor R(/)/P as: 





[Po + (1+ Py )I] + [C1 + Po) + (2 + Py) J= [(0+1)+Po] + [((14+2)+P,] 1 = (14+Pp) + 34+P,) 1=(1+Po) + Py. 
We can clarify the multiplication on the AH-factor R(I)/P as: 
[Po +A +P,)1] X[(A+P.)+(2+P,)1] =[CxX1) + Pol + [AX 2) +P, ]J =Pp +(24+P,)I. 


(e) We can see that PN Q = (Pp NP,) + (P, NP,)I = {0} + P,I = {0,31} which it is an AH-ideal. 
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(f) P#Q= (Po + Py) + (CP, + Py) = R+ Pl = {0,1,2,3,4,5,37, 14+ 37,2 4+ 3,..... 5 + 3]}. 
Example 3.18: 


Suppose that R = (Z,,+,X),T = (Z19 ,+,,X) are two commutative rings, we have f: RU) > TY); f(a t+ bd) = 
5a+ 5bj. 


f is a neutrosophicAHS-homomrphism becausefg: R > T ; fg(a) = 5a is a homomorphism. 

We have: P = Kerf = {0,2,4}, fg(R) = {0,5}, R/P = fg(R) = {0,5}, R/P ={P, (1+ P)}. 

The AH-factor R(I)/Kerf =R/P +R/P J={(P+P.J), (P+ [1+P]J), ((1+PHP J, (I+ PH{I4P I) } 
Which is AH-isomomrphic to f(R(1))= fg(R) + fa(R)J = {0,5} + ({0,5)J = { 0,5,5/,5 + 5J}. 


Q=P, + P,I = {0,3,3 + 31, 31}is an AHS-ideal defined in Example 3.17, we have f(Q) = {0,5,5/,5 + 5J}, which is 
an AHS-ideal of T(J). 


So = {0,2,4,6,8}is a ideal of T thus S=Sp + SoJ = {0,2,4,6,8,2), 4), 6/, 8/,2 + 2,2+4),2+6/,2+8),44+2,,44+ 
4J,4 + 8,4 + 6,8 + 2], 8+4J, 8+6J,8+8)} is an AHS-ideal of T(J). 


fir (So) = {0,2,4} so f-4(S) = fir *(So) + fr 4 (So) = {0,2,4,21, 41, 2 + 21,2 + 41,4 + 21,4 + 4l}is an AHS-ideal 
of R(D). 


Example 3.19: 


In the ring R (Z,,+,X) we have two maximal ideals P={0,3}, Q={0,2,4}thus P+QI and Q+PI are two weak 
maximal AH-ideals of R(1). 


Example 3.20: 


(a) In the ring R=(Z, , + ,X) we have only one maximal ideal P={0,2,4,6} so P+PI is a weak maximal AHS-ideal of 
RD). 


(b) We have Q ={0,4 } is an ideal in R,,/Q= {0,2,4,6}= P thus the AH-root of Q+QI is equal to P+PI. 
Example 3.21: 


In the ring (Z,+, X) each ideal P is principal thus each AH-ideal S=P+QI is weak principal AH-ideal so Z(I) is a 
weak principal AH-ring. 


Example 3.22: 





(a) In the ring (Z,+, X), P= <3>, Q=<2> are two prime and maximal ideals so P+QI ={3n+2mlI; n, m€ Z } is weak 
prime AH-ideal and weak maximal AH-ideal. 
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(b)The map f7: Z > Z,; f(a) = a mod 6 is a homomorphism so the related AH-homomorphism is 

f:ZC) > 260); f(a + bI) = [a mod 6] + [b mod6]J and AH-kerf = 6Z + 6Z1I is contained in P+QI. 

(c) f(P + QD = f(P) + f(Q)J = {0,3} + {0, ,2, ,4}] which is a weak maximal / prime AH-ideal in Z,(/) since 
{0,3 } , {0,2,4} are maximal and prime in Z¢. 

(d) Since Q= {0,2,4} is maximal in Z,, P=Q+QJ is a weak maximal / prime AH-ideal of Z,(J) and we find 
f-(P) = fz,(Q) + fz," (Q)I =< 2>+<2>I which is a weak maximal/ prime AHS-ideal in Z(1). 
Conclusion 


In this article we introduced the concepts of AH-ideals and AHS-ideals in a neutrosophic ring. Some related 
concepts as weak principal ideal, AH-weak prime ideal and AH-weak maximal ideal are presented with some useful 
tools as AHS-homomorphism/isomorphism. We investigated the essential properties of these concepts and proved 


many related theorems concerning these properties. 
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Abstract 


Real humankind problems have different sorts of ambiguity in the creation, and amidst them, one of the significant 
issues in solving the integer linear programming issues. In this commitment, the conception of aggregation of ranking 
function has been focused on a distinct framework of reference. Here, we build up another framework for neutrosophic 
integer programming issues having triangular neutrosophic numbers by using the aggregate ranking function. To 
legitimize the proposed technique, scarcely numerical analyses are given to show the viability of the new model. At 
long last, conclusions are talked about. 

Keywords: Neutrosophic triangular numbers, integer programming, aggregate ranking function. 


1.Introduction 


Professor Zadeh [1] was originally presented the idea of a fuzzy set theory (in 1965). The idea of fuzziness has a 
leading feature to solve efficiently in engineering and statistical problem. Applying the uncertainty theory, plentiful 
varieties of realistic problems can be solved, networking problems, decision-making problems, influence on social 
science, etc. As a result, by considering fuzzy parameters in linear programming, fuzzy linear programming is defined. 
Accordingly, various researchers have demonstrated their attentiveness to various sorts of fuzzy linear programming 
(FLP) issue and proposed a diverse system for dealing with FLP issues. If the parameters and constraints are fuzzy 
numbers, then it is called fully fuzzy numbers. A general class of fully FLP (FFLP) was introduced by Buckley and 
Featuring [46]. Many authors [2, 30-35, 37] considered issues either fuzzy linear programming implies either just the 
right-hand side or the constraints have been fuzzy or simply factors are fuzzy. Fuzzy IP problem is also the main part 
of LP problem. Allahviranloo et al. [3] offered a technique for solving IP problems. Fan et al., also [4] offered a 
general technique for resolving IP under fuzzy environment. Dehghan et al. [38] proposed practical methodologies to 
resolve a fully fuzzy linear system (FFLS) that is proportional to the remarkable systems. Lotfi et al. [39] proposed a 
procedure for symmetric triangular fuzzy number, gained another system for dealing with FFLP issues by changing 
over two relating LPs. To overcome these obstruction Kumar et al. [36] introduced another system for discovering the 


fuzzy ideal arrangement of FFLP issue with uniformity imperatives. After that Edalatpanah [14-15], Das [8-12], Das 
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et al. [5-6] have portrayed to deal with the FFLP issue with the assistance of situating limit and lexicographic 
methodology. Wan and Dong [42] proposed a new approach for trapezoidal fuzzy linear programming problems 
thinking about the acceptance degree of fuzzy constraints violate. 

Pertaining the concept of Zadeh’s research paper, Atanassov [40] created phenomenally the intuitionistic fuzzy set 
where he meticulously elucidates the concept of membership and nonmembership function. Smarandache [16] in 1998 
germinated the notion of having neutrosophic set holding three different fundamental elements (i) truth, (ii) 
indeterminate, and (iii) falsity. Each and every attribute of the neutrosophic sets are very relevant factors to our real- 
life models. Afterward, Wang et al. [44] progressed with a single typed neutrosophic set, which serves the solution to 
any sort of complicated problem in a very efficient way. Neutrosophic hypothesis applied in numerous fields of 
sciences, so as to take care of the issues identified with indeterminacy, see [20, 22, 27-28,41, 45, 48-49]. In like 
manner, Abdel-Baset [23] added the neutrosophic LP models the place their parameters are tended with trapezoidal 
neutrosophic numbers and introduced a method for getting them. Das and Jatindra [43] introduced a strategy for 
solving neutrosophic LP problem having triangular neutrosophic numbers by using ranking function. Edalatpanah [13, 
21] presented some direct approaches of neutrosophic LP problem having the triangular fuzzy number. Again, 
Edalatpanah [17-20] established some aggregate ranking functions for data envelopment analysis (DEA) based on 
triangular neutrosophic numbers. Mohamed et al., [47] introduced another score function for neutrosophic integer 
programming problems having triangulay neutrosophic numbers. Banerjee and Pramanik [25] added the LP problem 
with single objective in neutrosophic number (NN) conditation with the assistance of goal programming. Likewise, 
Pramanik and Dey [24] detailed arrangement technique to linear bi-level programming problem in NN condition. 
Maiti et al. [26] introduced a strategy for multi-level-multi-objective LP problems by the assistance of goal 
programming. Hussian et al. [29] proposed a neutrosophic LP issue using ranking function. A IP issue under 
neutrosophic condition having triangular neutrosophic numbers was proposed by Nafei and Nasseri [7]. 

The motivation of this research paper, to develop an aggregate ranking function and usage of our function in 
integer programming (IP) problem. We propose IP problem based on triangular neutrosophic numbers. We likewise 
change the neutrosophic IP issue into a crisp IP model through the use of the aggregate ranking function. Any standard 
methodologies explain this crisp IP issue. 

This research paper is prepared as follows: in the next segment, some fundamental concepts, mathematical operation 
on triangular neutrosophic numbers are introduced. In the next following segment, the proposed strategy for solving 
the IP problem is examined. Following this segment, the sub-section of Limitation and shortcoming of the existing 
method, sub-section of neutrosophic IP is discussed. In the next subsection, we discuss the proposed algorithm for 
solving our problem. In segment before determination, a numerical model is given to uncover the viability of the 


proposed model. At long last, conclusions are given in the last segment. 


2. Preliminaries 


Right now, some fundamental concepts and neutrosophic numbers have been examined under this segment. 
Definition 1. [16] 
Assume S' be a space of objectives and s € S . A neutrosophic set Nin S may be interpret via three membership 


functions for truth, indeterminacy along with falsity and represent by PAS) ) B, (s ) and A(s) are real standard or 
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real nonstandard subsets of 0, I [. That is 
p,(s):S > |O1°] ,B,(s):S > ]O-,1| and A,(s):S—> ]0-,1°| . There is no limitation on the sum of 
PAs), B(s) and A(s), so0 <sup p,(s)+sup G,(s)+sup 7, (s) <3". 

Definition 2. [16] 

A single-valued neutrosophic set (SVNS) J through S taking the form I= {s, Pr (s), B,(s),4,(s); SE S} , where 


S be a space of discourse, p,(s):S—> |0-,1°[,B,(s):S > ]O-,1"| and A,(s):S > ]or,1°| with 


O< p,(s)+ B(s)+4,(s) <3 for all seS. PAS), B; (s ) and A(s) respectively represent truth membership, 


indeterminacy membership, and falsity membership degree of s to J . 
Definition3 [43]. A triangular neutrosophic number (TNNs) is signified via 7 =< (b',b*,b*),(a,6,4) > isan 


extended version of the three membership functions for the truth, indeterminacy, and falsity of s can be defined 








as follows: 
1 
ae) b<s<bd’, 
(=P) 
_ yl 
psyayr Bru 
u ale b<s<b 
(>°-b") 
something else. 
2 
es) 6, vi<s<B 
(2° -2") 
_ 22 
Bisy= 4° vane 
(s—b°) * ; 
~——_6, bo <s<b, 
(>°-2') 
1, something else. 
1 
v=) A, -b'<s<b 
(>°-2') 
A,(s) = ‘ se 
(s-o') 
A, b<s<b, 
(>°-2°) 
1, something else. 
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Where, 0 < Pp (s)t+ Bs) +4, (8s) < 3,567. Additionally, when 5' >0, Tis called a nonnegative TNN. 


Similarly, when b' <0, J becomes a negative TNN. 
Definition 5 [19]. Arithmetic Operation 


Suppose 4,7 =< (b',,b°,,b°,),(@,,6,,4,) > and 4,' =< (b',,b’,,b°,),(@,,65,A,) > be two TNNs. Then _ the 


mathematical computation will be explained as: 


(A! ® A,’ =< (b', +b',,b’, +b’,,b°, +b°,),(@, AG, 6, V 5,4, V A) > 





(ii)A\" — A," =< (b', -—b’,,b’, —b’,,b°, —b',),(@, Aa), 6, V 6,4, V A,) > 

(ii) A" ® AM =<(b'b',,b?,b?,,b?b°,),(@, Aay,5, V 5,,4,V 4) >, if b!, > 0,62, > 0, 
<(Ab',,Ab’,, Ab’), (4,64) > if A>0 

. M 1? 1? 1/> 13 ™{3 o 

(W)AA, -| 


<(Ab’,, Ab’, Ab’), (@6,,4,) > if A<0 


bb Bb 
BR pe A Gy, 0, \0,A, na) >0,b°, > 0) 
2 2 2 





M A) Po td 
(v) ae ie = Fi, A,5 KO 524 na )B <0, 0) 
pce oe 








be Bd: 
BR pm A Ay, 0; NO>, A, nan) <0,b°, <0) 
2 2 2 


3. Proposed model 


Before going to our main algorithm, first of all, we tend to begin a subsidiary i.e., drawback as well as restriction 
of the available method [7] 


3.1 Shortcoming and Limitation of the existing method 


First of all, we investigate drawback as well as restrictions of an available method [7] under exclusive ranking 
function. 
Nafei and Nasseri [7] suggested a model for IP problems by utilizing the ranking function. However, the author uses 
some scientific presumption to resolve the problem that may be invalid in any case. This has been examined in 
Example 3.1 and Example 3.2. 


Definition 6: One can examine any two TNNs in response to the ranking functions. Let 


I" =< (b',b° D)sa ,0,A> be a triangular neutrosophic numbers (TNNs); then 


RU*)= 2 


1 3 2. 
a0 + la-3 a 


DOT: 10.5281/zenodo.3767107 85 


International Journal of Neutrosophic Science (INS) Vol. 4, No. 2, PP. 82-92, 2020 





Example-3.1 Let [” =< (4,8,10);0.5,0.3,0.6 >and I =< (3,7,11);0.4,0.5,0.6> then R(I”)=7.9 
and R(,") = 7.7 

Based on definition 5: 

I” +1," =<(7,15,21);0.4,0.5,0.6 > then RU” +7") =15.2 

We observe that RU” + 1") # RU*)+ RU). 

Here, we observed that the author used an invalid mathematical assumption i.e. ranking function, to solve the problem. 
Therefore, we consider an aggregation ranking function, which was defined by Edalatpanah [19]. 

Definition 7. Let J” =< (b' ; b° ,b°); a,0,A > bea triangular neutrosophic numbers (TNNs); then the aggregation 
ranking function is as follows: 


_ (2+min a — max 6 —max /) 


RU”) ; 


> (b' +b? +b°) 
Example-3.2 Let J” =< (4,8,10);0.5, 0.3, 0.6 >and I" =< (3,7,11);0.4,0.5,0.6> then RU) =3.91 


and RU," ) =3.03 
Based on definition 5: 


_ (2+0.4-0.5-0.6) 
9 





I’ +1," =< (7,15,21);0.4,0.5,0.6 > then RU” +1,") x (22 +21) = 6.94 


Hence, 
RU* +5.) =RU")+ RU). 

Here, we observed from the above examples the existing method [7] uses the ranking function is invalid, and 
Definition-7 of ranking function is valid. Therefore, we consider the aggregation ranking function to solve integer 
programming. 

3.2 Neutrosophic IP model 

In this section, IP problem with neutrosophic elements are often described as the succeeding : 
Max Z = ay CX, 
j=l 

Subject to (1) 


n 
&,x, <b,,i=1,2,....m, 
j=l 


x; > 0, 7 =1,2,...,7. and it is an integer 


where x, is nonnegative neutrosophic triangular numbers and Cp a;, ,b, represented the neutrosophic numbers. 
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In our neutrosophic model we choose to maximize the degree of acceptance and limit the degree of rejection and 


indeterminacy of the neutrosophic objective function and constraints. Now the model are often typed as follows: 


Subject to 


max p(x) 
min f (x) 
min A(x) 


a 


p(x)2 A(x) 
p(x)2 B(x) 
O< +B 
p(x),B(x),A(x) 20 


> Ois int eger. 


)2 
) 
p(x)+B(x)+ AQ) $3 
)s 


The problem may be typed for the equal structure as follows: 


max a, min d6,min/ 


Subject to 


a < p(x) 

A= B(x) 

5 =A(x) 
azar 

azo 
O0<at+d0+ASs3 
x20. 


(2) 


(3) 


the place @ represents the least degree of acceptance, O represents the largest degree of rejection and / represents 


the largest degree of indeterminacy. 


Now the model may be turned into the following model: 


Subject to 
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max(a@—d-—A/) 


a< p(x) 

A> B(x) 
52A(x) 
azar 

azo 
0<at+d+1<3 


x = 0,is int eger. 


(4) 
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Finally, the model may be typed as: 
min(l—-@)+d+4 

Subject to 
as p(x) 
A= Bp (x) 
oe A(x) 
azar (5) 
azo 
0<a+d4+AS3 
x = 0,is int eger. 

4. Proposed method 
Here, we propose an algorithm which is solved our problem (1) and the steps are given as: 
Step 1. Build the problem as the model (1). 
Step 2. Consider b =< Sa Sad cleo ke OG >, =< Cee CET ie > and using Definition 5, the LP 


problem (1) can be transformed into problem (6). 


Max (or Min) Z= De 0 6) 0: 


j=l 
subject to (6) 
MiGeteiea lt), oOo deh, HL am 
x, 20, integer, j =1,2,...,n. 
Step 3. Using arithmetic operations, defined in Section 2 and Definition 7, the problem obtained in Step-2, is converted 


into the following crisp IP problem. 


Max (or Min)Z= RY (Ce? ex 
j=l 
subject to (7) 
RWONGe maak LaF ye, A (a ee a i=1,2,.....m. 


L 


x, 20, integer, j =1,2,...,n. 


Step 4. Find the optimal solution x, by solving the crisp IP problem got in Step-3. 
Step 5. Find the optimal value by placing x, in > C jx; : 
j=l 
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Step 6. From Step 5, solve the LP problem using the simplex method ignoring integer restrictions. If the obtained 
solution satisfies integer restrictions, then Stop, otherwise go to the next step by using Gomory’s cutting plane 
algorithm. 
Step 7. Add the constraints to the given set of constraints of the problem and solve the modified problem. If its optimal 
solution is integral, stop, otherwise repeating the step till an optimal integer solution is obtained. 

5. Numerical Example 
Here, we consider a case of [7] to represent the model and to quantify the effectiveness of our proposed model, we 
tackle a numerical model. 


Example-1 


max 4x, + 3x, 


St. 
Ax, + 2%; a12 
3x, + 6x, <5 
X,,X, 2 0, int eger. 
where 


4 =< (2,4, 6);(0.8, 0.6, 0.4) > 

3 =< (1,3, 5); (0.75, 0.5,0.3) > 

4 =< (0,4,8);(1,0.0,0.5) > 

2 =< (1, 2,3);(1,0.5,0.5) > 

12 =< (5,12,19);(1,0.25,0.25) > 
=< (1,3,5);(0.75, 0.0,0.25) > 
=< (3,5,7);(0.8,0.6,0.4) > 

6 =< (1,6,11);(1,0,0) > 


By utilizing the aggregation ranking function proposed in Definition 7 the above issue can be changed over to crisp 


N 


3 
5 


model as follows: 
max 2.4x, +1.95x, 
St. 
3.33x, +1.3x, <6 
2.0% + OX, SS 
X,,xX, 2 0,int eger 
By following the steps introduced in the last segment, the optimal solution integer programming problem of 


the above problem is x, =1,x, =0 and the objective solution is Z = 2.4, 


6. Conclusions 
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In this investigation, we present the neutrosophic IP and suggest a novel model to tackle it. In view of the present 
ranking function of triangular neutrosophic, numbers are not valid, therefore a aggregation ranking function was 
adopted for solving the problem. A new algorithm, the use of these ranking functions, is introduced to gain the 
effectivity of IP problems. For calculating the integer programming, we use Gomory’s cutting plane algorithm. 

At long last, we utilize a numerical application to delineate the common sense and legitimacy of the proposed strategy. 
Also, the weaknesses of the current calculations are brought up and to show the benefits of the proposed calculations. 


At long last, from the acquired outcomes, it tends to be presumed that the model is proficient and advantageous. 
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Abstract 


In this paper, we present the new kind of MN-subalgebra for neutrosophic cubic set which is called neutrosophic cubic 
MN-subalgebra where M represents the initial of author’s first name Mohsin and N represents the initial of second 
author’s first name Neha. We investigate this neutrosophic cubic MN-subalgebra on BF-algebra through some 
significant properties of BF-algebra. We also use R-intersection, p-intersection, p-union upper bound, lower bound 
and some important characteristics to study the behaviour of neutrosophic cubic MN-subalgebra [NCMNSU] on BF- 
algebra. 


Keywords: BF-algebra, Neutrosophic cubic set, Neutrosophic cubic MN-subalgebra. 
1. Introduction 


Fuzzy and interval-valued fuzzy sets were prsented by Zadeh [20,21] Jun et al. [3,4] defined the cubic set and proved 
the axioms for cubic subgroups. Neggers and Kim [7] defined and investigated the B-algebra. Ahn and Ko [9] studied 
the structure of BF-algebra. Walendziak [19] proved the conditions of B-algebra. Senapati et al. [13] worked on fuzzy 
dot subalgebra and interval-valued fuzzy subalgebra with respect to t-norm in B-algebra.[14,6] many researches 
worked on B-algebra and BG-algebra. Khalid et al. [15] studied the neutrosophic soft cubic subalgebra with different 
characteristics. Khalid et al. [16] studied the effects of magnification of translation for MBJ-neutrosophic set. Khalid 
et al. [17] investigated the T-ideal under the MBJ-neutrosophic on B-algebra. Khalid et al. [18] presented the 
multiplication of neutrosophic cubic set. Smarandache [11,12] is the first person who presented the theory of 
neutrosophy set which invloveed indeterminacy. Jun et al. [5] introduced neutrosophic cubic set. Senapati et al. [22] 
studied the cubic subalgebras and cubic closed ideals in detailed on B-algebra. 


The purpose of this paper is to introduce the idea of neutrosophic cubic MN-subalgebra. We investigate many results 
to study the neutrosophic cubic MN-subalgebra in detailed way by using different concepts like p-intersection, R- 
intersection and many others. 


2. Preliminaries 
In this section, some basic definitions are presented that are necessary for this paper. 


Definition 2.1 [19] A nonempty set X with a constant 0 and a binary operation * is called BF—algebra, when it fulfills 
these conditions for all ty, t, € X. 
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l.t, *t; =0 
2.t,*0=t, 
3.0 * (t, *t,) =t, *t, forall t,,t, € X. 
A BF-algebra is denoted by (X,* ,0). 
Definition 2.2 [9] A nonempty subset S of BF-algebra X is called a subalgebra of X, if t, *t, € SV t,,t, ES. 


Definition 2.4 [9] A mapping f : X > Y of BF-algebra is called homomorphism if f (t, * tz) = f (t,) * f (tz) V ty, ty 
EX. 


Definition 2.4 [21] Let X be the set of elements which are denoted generally by t,. Then a fuzzy set C in X is defined 
as C = {< t,,vc(t,) > |t, € X}, where v-(t,) is called the membership value of t; in C and vc(t,) € [0,1]. For a 
family Cj = {< ty, Vc,(t1) > |t, © X} of fuzzy sets in X, where i € U and U is index set, they defined the join (V) meet 
(A) operations as: 


Vieu Ci = (Vieu Vc,) (ti) = supf{v¢,|i € U} 
and 

Aiev Ci = (Aieu Vc, )(t1) = inf{ve, |i € U} 
respectively, V t, € X. 


The finding of supremum and infimum between two intervals is not simple. Biswas [2] explained a procedure to find 
max/sup and min/inf between two intervals or a set of intervals. 


Definition 2.5 [2] Let two elements P,,P, € P[0,1]. If P, = [(t,)7,(t,)7] and P, = [(t,)z,(t,)3], then 
rmax(P,, P,) = [max((t,)7, (t,)2), max ((t,)7, (t,)3)] which is denoted by P,V"P, and rmin(P,,P,) = 
[min((t,)7, (t,)2), min((t,)f, (t,)7)] which is denoted by P, At P,. Thus, if P. = [((t,)1)7, ((t,)2)*] € P[0,1] for 
i = 1,2,3, ..., then we define rsup;(P,) = [sup;(((t1)1);), supi(((t1)1)7)], be, Vi P= [Vi ((ti))7Vi (Ct) 7]. In 
the same way we define rinf,(P,) = [inf,(((t1))7),infi(((t))7)]), be. APP = [Ai C(t) Ai (C(t) Di]. Now we 
call P, > P, = (t,)7 = (t,)3 and (t,)f = (t,)3. Similarly the relations P, < P, and P, = P, are defined. 


Definition 2.6 [1] A fuzzy set C = {< t,, Uc(t,) > |t,; © X} is called a fuzzy subalgebra of X if vc(t, *t2) = 
min{vc(t,), Vc(t2)} V ty y € X. 


Jun et al. [5], defined and investigated neutrosophic cubic set. 


Definition 2.7 [5] Let X be a nonempty set. A neutrosophic cubic set in X is pair C = (8,S) where X= 
{(ty; Np(t,), &: (tz), Sy (t,)) |t, © X} is an interval neutrosophic set in X and S = {(t,; Sp(t,), Sy (tz), Sy (ty )) Jt, © X} 
is a neutrosophic set in X. 


Definition 2.8 [5] For any C; = (&j,S;), where & = ((ty; Nip (1), Nir(t1), Nin (ts) dt, © Xf S; = ((tas Sig(t1), Sint), 
Sin (tz)) |t, © X} for i € u, P-union, P-inersection, R-union and R-intersection are defined respectively by 


P-union Up C; = (U Xj, V S;), P-intersection Np C; = (N Xj, A S;), 
1€u 1€u ieu 1€u 1€u 


icu 


R-union Up C; = (U &;, A S;), R-intersection: Np C; = (.N 8, V S;), where 
ieu ieu i€u ieu i€u ieu 
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View Si = (Ctr; View Nig) (tr), View Sir) (tr), View Nin) (tr) ty © X}, 
View Si = {(tys (View Siz) (t1),View Sir) (t1), (View Sin) (ti) ) Ita © X}, 


Nieuw Si = (tr (Nieuw Nie) (tr), Miew Nir) (t1), (Miew Nin) (tr) dtr © X}, 


Nieuw Si = {(ty3 Aieu Siz) (tr), Aieu Sin) (1), (Aieu Sin) (tr) Ita © X}. 


Definition 2.9 [22] Let C = {(t,, X(t), S(t,))} be a cubic set, where X(t) is an interval-valued fuzzy set in X, S(t,) 
is a fuzzy set in X. Then C is cubic subalgebra with following axioms: 


Cl: X(t, * tz) = rmin{X(t,), X(t2)}, 


C2: S(t, * tz) < max{S(t,), S(t,)} V t,,t, EX. 


3. NEUTROSOPHIC CUBIC MN-SUBALGEBRAS 
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Definition 3.1 Let = (8, S) be a cubic set, where X is subalgebra. Then 2 is NCMNSU under binary operation * if 


it satisfies the following conditions: 


(NI) 


(N2) 


Ne(t, * t2) 2 rmin{Xz (t,), Xe (t2)}, 
N)(¢, * t2) S rmax{X,(t,), &)(t2)}, 


Ny (ty * t2) S rmax{Xy (t,), Ny (ta) }- 


Sp (ty * tz) S max{Sp (ty), Seta) }, 
S(t, * tz) S min{S;(t,), 5; (t2)}, 
Sy (ty * tz) = min{Sy (t,), Sy (tz). 


Where E means existenceship/membership value, I means indeterminacy existenceship/membership value and N 
means non existenceship/membership value. 


Example 3.1 Let X = {0,t,, tz, tz, tz, t;} be a BF-algebra with the following Cayley table. 









































* 0 ty ty ts ty ts 
0 0 ts 7 is = th 
ty th 0 j ty ty a 
i ty ty 0 ts ty ts 
ty e e th 0 ts ia 
ty ty i ty th 0 fe 
ts ts ty ts ty ty 0 











A neutrosophic cubic set R = (Xs,S;) of X is defined by 
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0 Gi ts ts i; #S 





Xe | [0.2,0.4] | [0.1,0.4] | [0.2,0.4] | [0.1,0.4] | [0.2,0.4] | [0.1.0.4] 





X, | [0.7,0.9] | [0.6,0.8] | [0.7,0.9] | [0.6,0.8] | [0.7,0.9] | [0.6,0.8] 





Ny | [0.3.0.2] | [0.2,0.1] | [0.3.0.2] | [0.2,0.1] | [0.3.0.2] | [0.2,0.1] 




















0 ty tp tz ty ts 
SE 0.1 0.3 0.1 0.3 0.1 0.3 
S| 0.3 0.5 0.3 0.5 0.3 0.5 
Sn 0.5 0.6 0.5 0.6 0.5 0.6 





























All the conditions of Definition 3.1 are satisfied by the set R. Thus R = (Ns, Sz) is a NCMNSU of X. 


Proposition 3.1 Let R = {(t,, Nz(t,), Se(t,))} is a NCMNSU of X, then V t, € X, Np(t,) = Xp(0), X(t.) < 
N/(0), Nn (tz) S Ny (0) andSg(t,) S Sg), S;(t,) = S,(0), Sy(t1) = S(O). Thus, Xen (0) and Sern (0) are the 
upper bound and lower bound of Ng yn (ty) and Sgn (tz) respectively. 


Proof. V t, € X, we have Ng(0) = Ng(t, * t,) = rmin{Np(t,), Ne(t,)} = Ne(t,) > Np(O) S Ng(t,), &,(0) = 
Nyp(ty * t,) S rmax{Nj(t,), 8 (t,)} = X(t) > NO) S Ny (ty), Ny (O) = Ny (ty * ty) S rmax{Ny (ty), Nn (t)} = 
Ny (ty) > Ny(O) S Ny(t,) and S_(0) = Sp(t, * t) S max{Se(t,), Se(t,)} = Se(t,) > SECO) S SgE(t,), S;(0) = 
S,(ty * ty) = min{S;(t,), S;(t,)} = Spt) > $,(0) = S;(ty), Sy(O) = Sy (ty * ty) = min{Sy(t1), Sy (t1)} = Sn (tr) 
= Sy (0) = Sy (ts). 


Theorem 3.1 Let R={(t,, Nz (t,), S(t, ))} be a NCMNSU of X. If there exists a sequence {(t,),} of X such that 
limy oo %=((t1),) = [1,1] and lim,_,..Ss((t,),) = 0. Then &;(0) = [1,1] and S;(0) = 0. 


Proof. Using above proposition, %;(0) > Np(t,) Vt; € X, Np (0) = Np ((t,),) for n € Z*. Consider, [1,1] => &,(0) 
> limysoXz((ty)n) = [1,1]. So, 8p (0) = [1,1], &(0) < 8, (t,) Vt, € X, - &,(0) = &,((t,),) forn € Z*. Consider, 
[1,1] <8 (0) < lim, scoX((tr)n) = [1,1]. So, 8(0) = [1,1], Ry (0) < Ny(ty) V ty EX, « Ny (0) < Ny((ty)) for 
n € Z*. Consider, [1,1] < X8y(0) < limy_,..Xy((ty)n) = [1,1]. So, Xy(O) = [1,1]. Hence, X= (0) = [1,1]. Again, 
using proposition, S,(0) <Sp(t,) V t,EX, - Sp(0) <Sp((ty),) for ne Zt. Consider, 0<S,(0) < 
lim, 00S ((ty)n) = 0. So, Sp(0) = 0, using proposition, S,(0) = S;(t,) V t, € X, -- $,(0) = S)((t,),) for n € Z*. 
Consider, 0 = S;(0) = limy_,5;((t1)n) = 0. So, $;(0) = 0, using proposition, Sy(0) = Sy(t,) V ty € X, Sy (0) = 
Sn((ty)y) for n € Z*. Consider, 0 = Sy(0) = limy_,..Sn((ty)n) = 0. So, Sy (0) = 0. Hence, S;(0) = 0. 


Theorem 3.2 The R-intersection of any set of neutrosophic cubic MN-sunalgebra of X is NCMNSU of X. 


Proof. Let R; = {(t,, (Ni), (S))z)|t, © X} where i € k, is family of sets of NCMNSU of X and t,,t, € X. Then (N 
(Nig)(ty * tz) = rinf(Xj)g(ty * tz) = rinf {rmin{(§;)g(t,), ®e(t2)}} = rmin{rinf(®;)g(t,), rinf(Xj)g(tz)} = 
rmin{(A (Xie) (t1), (9 (Xie) (t2)} > (NO Bde) * te) 2 rmin{(N (N)e) (1), (9 (ide) (ta) } (9 QD * te) 
= rinf(Xj);(t, * t2) S rinf{rmax{(§;);(t), (Xi)1(t2)}} = rmax{rinf(X;);(t,), rinf(X;);(t2)} = rmax{(A (Xi); (t1), 
CA (Ri) (t2)} > CO (RD (tr * te) S rmax{(N (8)1)(t1), C9 (RD (t2)3, (9 (Rin) (tr * te) = rinf(Xi)n (ty * tz) 
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S rinf{rmax{(§i) (ty), (Win (t2)}} = rmaxfrinf(X;) y(t), rinf(X})n (tz) } = rmax{( (Nin) (tr), (9 (Xi) (te) 
> (9 (Xin) (tr * tz) S rmax{(A (Nin) (tr), (9 (Xi) (tz) }, and (V (Sj)z)(tr * tz) = sup (Sj)g(t, * tz) S sup { 
max{(S;)g (ty), (Sj)z(t2)}} = max {sup (S;)z(t,), sup (Sj)g(tz)} = max {(V (Si)g)(t1), (V (Siz) (t2)} > (V Gide) 

(t, * t) S max {(V (Sig) (ti), (V Gide) (t2)} (V GoD * tz) = sup (S));(t, * t2) 2 sup {min {(S;);(t,), (Sir 

t)}} = min {sup (S;);(t,), sup (S;);(t2)} = min {(V (Si) (4), (V SDD (t2)} > (V GD Gh * tz) 2 min {(V (S; 
i) (t1), (V (SD Ct2)3, (V (Sn) (tr * tz) = sup (Si)n (ty * tz) S sup {min {(S;)n(t1), Si)n(t2)}} = min {sup(Si)n 
(ty), sup(S;)n(t2)} = min{(V (S;)n)(t1), (V Sin) (t2)} > (V Gdn) (tr * ta) S min{(V (Si)n) (ti), (V Gdn) (ta) 
which show that R-intersection of R; is NCMNSU of X. 


Theorem 3.3 Let R; = {(ty, (Ni), (Sj)s)|t; © X} be a collection of sets of NCMNSU of X, where ie€k. If 
inf {max {(Sj)g(t,), (Sj)z(t1)}} = max {inf (S})p(t,), inf (S))g(ts)}, inf {min {(S;);(t,), (Si)1(t.)}} = min {inf (S;), 
(t,), inf(S;);(t,)}, inf~min{(S,) y(t), (S))n (ty) }} = minf{inf(S;)y (t,), inf(S;)y(t,)} V t, € X, then the P-intersection 
of R; is also a NCMNSU of X. 


Proof. Suppose that R; = {(t,, (%;)s, (S;)s)|t, € X} where i € k, be a collection of sets of NCMNSU of X such that 
inf {max {(S))e(t1), Sie(t1)}} = max {inf (Sj) (t,), inf (S;)e(t,)}, inf {min {(;);(t1), (S(t) 3} = min {inf (S)), 
(t,), inf(S;);(t,)}, inf {min {(S;)n(t1), (Si) (t1)}} = min {inf(S;)y(t,), inf(S;)n(t1)}}} V ty € X. Now for t,,t, € X. 
Then (9 (Xie) (ty * tz) = rinf(X)g(t, * t2) = rinffrmin{(§;)e(t,), Wi)e(t2)}} = rminfrinf(X)e(t,), rinf(%)e( 
t2)} = rmin{(N (Xie) (tr), (9 (De) (t2)} > (N (De) * te) = rmin{(CN (Xie) (1), O Aide) (teh (9 DDC 
t, * tz) = rinf(X))(t, * t,) S rinf{(rmax{(X});(t,), (Xi)1(t2)}} = rmax{rinf(X;);(t,), rinf(X;);(t2)} = rmax{(n 
Wp), C9 Ad C2)} > (9 BDDC * te) S rmax{(N (8) (tr), (9 (DD (t2)} OO (Dn) (tr * t2)=rinf (Xn) 
(t, * t2)S rinf{rmax{(Xj) y(t), Qin (t2)}} = rmaxfrinf(Xj)y(t,), rinf(X)n (to) } = rmax{(N (i)n) (tr), (9 (Rj 
Jn) (t2)} > CN Cin) (tr * te) S rmax{(N (Xin) (41), A Bid) (t2)}, and (A Sie) (ty, * tz) = inf (Sey * tz) S 
inf {max {(S))e(t1), (Sie(t2)}} = max {inf (S;)g(t,), inf (Sj)g(t2)} = max {A Sie) (ty), A Side) (t2)} = AG 
Je(ty * tz) S$ max {(A (Sie) (ty), A Sde)(t2)}, A Spd (ti * tz) = inf (S(t, * t,) = inf {min{(S;); (4), Gi) 
)1(tz)}} = min {inf (S;);(t,), inf (S;);(t2)} = min {A Gp) p(t), A Sdd(ta)} = A Gd * tz) 2 min {(A (S; 
J (tr), (A (Si) DCta)}, A (Sdn) (tr * te) = inf (Sint, * tz) = inf {min{(S;) y(t), Gn (t2)}} = min {inf GSj)n (ty 
), inf(Sj)n(t2)} = min{(A (Sj)n) (tr), (A (SDn)(t2)} > (A (Sp) (tr * tz) 2 min{(A (S))n) (t1), (A Sin) (t2)}. 
Which show that P-intersection of R; is NCMNSU of X. 


Theorem 3.4 Let R; = {(t,, (Ni)s, (Sj)z)|t; € X} where i€k, be a collection of sets of NCMNSU of X. If 
rsup{rmin{(X;)¢(t,), (Nie (t2)}} = rmin{rsup(X})_g (ty), rsup(Xj)g(t2)}, rsup{rmax {(X})1(t,), (Xi)1(t2)}} = rma 
x {rsup(X;);(t,), rsup(X})1(tz)} rsup{rmax {(Xj)n(t1), Win (t2)}} = rmax {rsup(Xj)n(t1), rsup(Ni)n(tz)}, and 
sup {max {(S;)z(t,), (Si)g(t2)}} = max {sup (S;)g(t,), sup (S;)g(t2)}, sup {min {(S;);(t,), (Si)1(t2)}} = min{sup( 
Si);(t,), sup(S;);(t2)}, sup{min{(S;)n (tr), (Sin (t2)}} = min{sup(S;)y(t,), sup(S;)y(tz)} V ty,t, € X. Then P- 
union of ; is NCMNSU of X. 


Proof. Let R, = {(t,, (Ni)s, (Sj) z)|t, © X} where i € k, be a collection of sets of NCMNSU of X. V t,,t2 € X, we have 
some conditions mentioned in theorem. Then for t,,t, EX. (U(X)g)(t, * tz) = rsup(§j)p(t, *t2) = 
rsup{rmin{(X;) g(t), (Nie (t2)}} = rmin{rsup(X;)g (ty), rsup(Xi)e(t2)} = rmin{(U (Xi)g)(t1), (U Bide) (t2)} > 
(U (ig) (ty * tz) 2 rmin{(U (Nj)e)(t), (YU (Ride) (ta) } UY dD Gh * tz) = rsup(&j)i(t * t2) S rsup{rmax {(8; 
)i(ty), ir(t2)}} = rmax{rsup(X;);(t1), rsup()7(t2)} = rmax{(VU (Xj))(t1), (YU @dp(t2)} > (YU Add (tr * te 
) Srmax{(U (i) ) (ti), (UY (XD) (ta) CY (Dn) (tr * tz) = rsup(Ni)n (ty * tz) S rsup{rmax{(Xj)n (ty), Rid (te 


)3} = rmax{rsup(Xi) (ty), rsup(Xi)n(t2)} = rmax{(U (8i)n)(t1), (U (Rn) (t2)} > (CU (Rn) (ti * tz) S rmax{ 
(YU Bn) (t), (YU Dn d(ta)}, and (V Sie) (tr * tz) = sup (Sie (ty * tz) S sup {max {(S))e(t1), Sie (t2)}} = 
max {sup (S;)(t,), sup (Si)p(tz)} = max {(V (Sie) (ti), (V (Sie) (t2)} > (V Gided(ti * tz) S max {(V Sie) (th 
) WV Gide) C2)} (V SDD (tr * tz) = sup (Si) * tz) 2 sup {min {(S;);(t,), (Si)1(t2)}} = min {sup (S));(t,),sup 
(Si) (tz) } = min {(V (S)))(t1), (V (SD (t2)} > (V GdD(tr * te) 2 min {(V (S(t), (VV SDD (tah YW Gdn 
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t, *t,) = sup (Sj)n(t; * tz.) = sup {min {(S))n(t1), (Sj)n(t2)}} = min {sup (S;)v(t,), sup (Sj) (t2)} = min {(V 
(Sn) (t), VW Gdn) (te)} > (V Sdn) (tr * te) 2 min{(V (S/n) (1), (V Gi)n)(t2)}, which show that P-union of 8; 
is NCMNSU of X. 


Theorem 3.5 If neutrosophic cubic set R = (Nz,Sz) of X is subalgebra, then V t, € X, X_(0 * t,) = Ng(t,), &,(0 * 
ty) S Ny (t1), Ny (0 * t1) S Ny (tz) and S_(0 * t,) S Sp(t,), S)(O * ty) = Sy(t,), Sy (0 * t)) = Sy(ty). 


Proof. V t, € X, Xp (0 * t,) > rmin{X,(0), Xp (t,)} = rmin{X,(t, * t,), Xp (t,)} = rmin{rmin{Ng(t, ), Xp (ty) } Ne 
(t,)} = Np(t,), 8 (0 * t,) < rmax{X,(0), 8) (t,)} = rmax{Xj(t; * t,), N(t,)} S rmax{rmax{X;(t,), 8 (ty) } Xr (ty 
)} = 81(t1), Xn (0 * t,) S rmax{Ny (0), y(t, )} = rmax{Xy (ty * ty), Nw (t1)} S rmax{rmax{Ny(t1), Nn (t) } Rw 
(t,)} = Xy(t,) and now V t, € X, S(O * t,) < max{S,(0), S(t, )} = max {Sp(t, * t,), Sp (t,)} < max {max{S,( 
ty), Se(t1)}, Se(t1)} = Se(t,), S,(0 * t,) = min{S,(0), $;(t,)} = min {S,(C, * t,), $;(t,)} = min {min {S,(t,), S(t, 
)3, Sp (t1)} = Sty), Sy * t,) = min{Sy (0), Sy(t,)} = min {Sy (ty * t,), Sy(t1)} = min {min {Sy(t,) , Sy (t1)}, Sy 
(t,)} = Sy (ty) 


Theorem 3.6 If netrosophic cubic set R = (Nz,Sz) of X is subalgebra then R(t, * t,) = R(t, * (0 * (0 * t2))) V 
tpt, EX. 


Proof. Let X be a BF-algebra and t,,t, € X. Then we know by ([{13] Proposition 2.5) that t, = 0 * (0 * t,). Hence, 
Ne(t, * tz) = Nz(t, *(O* (O*t,))) and Se(t, * tz) = Sg(t, * (0 * (0 *t2))). Therefore, Rz(t, +t.) = Re(t, * 
(0 * (0 *t,))). 


Theorem 3.7 If netrosophic cubic set R = (Nz, Ss) of X is subalgebra then Ng (0) = rmin{Ng(t2), Ne(t,}), &,(0) < 
rmax {X; (tz), X)(t1)}, Xv (0) < rmax {Ny (tz), Nn (t1)}, and S,(0) < max {Sz (tz), Sp(t,)}, S;(0) = min {S;(t2), S; 
(t1)}, Sy(O) = min{Sy (ty), Sy(ty)}, V ty tz EX. 

Proof. Here we use the ([13] Proposition 2.5) and above Proposition, now for t,,t, € X Xg(0) = Ng(t, *t,) = 

rmax {Ng (t,), Xz (t,)} = rmin {X_(0 * (0 « t,)), NO * (0 * t,))} = rmin {N_(0 * (0 * t2)), Ne(0 * (0 * t,))} = 
rminX, (tz), Np (ty )},8,(0) = Ny (ty * t,) S rmax {X)(t,), X(t.) } = rmax {X,(0 * (0 * t,)), 8, (0 * (0 *t,))} = 
rmax{X(0 « (0 * t2)), XO * (0 * t,))} = rmax{Nj (tz), X(t.) }, Nw (0) = Nn (ty * t,) S rmax{Ny(t,), Xv (t)} = 
rmax{Xy (0 * (0 * t,)), yO * (0 * t,))} = rmax{Ny (0 * (0 * t2)), Ny (O * (0 * t,))} = rmax{Ny (tz), Nn (ts )}- 
Now, Sg (0) = Sg(t, * 1) S max{S_(t,), Sp (t,)} = max{S_(0 * (0 * t,)), S(O * (0 « t,))} = max{S_(0 * (0 * 
t2)),Sp(O « (0 * t,))} = max{Sg (tz), Sp(t,)},S)(0) = S)(t, * t,) = min {S)(t,), S;(t,)} = min {S,(0 * (0 * t,)), 
S,(0 * (0 * t,))} = min {S,(0 * (0 * t2)),S;(0 * (0 * t,))} = min {S,(ty), S;(t1)}, Sn(O) = Sn (ty * t,) = min {Sy 
(t,), Sy (ty) } = min {Sy (0 * (0 * t,)), Sy * (0 * t,))} = min {Sy (0 * (0 * tz), Sy(O * (0 * t,))} = min {Sy(t,), 
Sn (t)}. 


Theorem 3.8 If neutrosophic cubic set R = (Ns,Sz) of X is NCMNSU, then V t,,t, € X, Ns(t, * (0 *t,)) = 
rmin{Nz(t,), Xz (tz)} and Sz(t, * (0 * t,)) < max{Sz(t,), Sz(tz)}. 


Proof. Here we use above Proposition for proof. Let t,,t,€X. Then we have Ng (t, * (0 * G)) > 
rmin{Xg(t,), %_(0 * tz)} = rmin{Xg(t,), Ne (tz) }Ni(ty * (0 * ty) S rmax{N(t,), &,(0 * t2)} < rmax{Xj(t,), %( 
ty)}, Nn (ty * (O * tz) < rmax{Ny(t,), Ny (0 * ty)} < rmax{Ny(t,), Nw (ty)} and Sp(t, * (0 * tz)) < max {S,(t,), 


Sp (0 * t2)} < max {Sg(t,), Se(tz)}, Sp, * (0 * t2)) = min {S)(t,),S;(0 * t)} = min {S;(t,), Sy(tz)}, Sy (ty * (0 * 
t2)) 2 min{Sy (ty), Sy(O * tz)} > min{Sy (ty), Sy (t2)}. 


Theorem 3.9 If a neutrosophic cubic set R = (Nz,Sz) of X satisfies the following conditions, then R refers to a 
NCMNSU of X: 
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1. Np(O*t,) = Np(t,), (0 * ty) SX (t,), Ny(O * ty) S Xy(t,) and Sp(O *t,) < Sp(t1), S(O * t,) = S)(t,), 
Sy(O * ty) > Sy(ty) Vt, EX. 


2. Np (ty * (0 * to)) = rmin{Xg(t,), Ne (tz)}, Ny(ty * (0 * t2)) < rmax{Xj(t,), Ny(tz)}, R(t, * (0 * t2)) < rmax{ 


Nn (tz), Nn(tz)} and Sp (t, * (0* t2)) < max{Sg(t,), Sp(tz)}, Sy (i * (0 * ty)) = min{S;(t,), Sy(tz)}, Sn(ty * (0 * 
t2)) = min{Sy(t,), Sy(tz)}, V ty, tz € X. 


Proof. Assume that the neutrosophic cubic set R = (Nz, Sz) of X satisfies the both axioms above. Then by lemma, we 
have Np(t, * tz) = Ng(t, * (0 * (0 * t,))) = rmin{Ng(t,), Xp (0 * t2)} = rmin{Xg(ty), Ne (ty) } Ni(ty * tz) = Ny 
t, * (0 * (0 * t,))) S rmax {X,(t,), 8 (0 * tz)} S rmax {Nj (t,), Ny (tz) } Nn (ti * tz) = Nn (ti *(0* (O*t2))) S 
rmax{Xy(t,), Xn (0 * tz)} S rmax{Ny(t,), Ny(tz)}, and Sp(ty * tz) = Sp(t, * (0 * (0 * t2))) S max{Sg(t,), Sp (0 * 
t2)} S max{Sp(t,), Sp(tz)}, Sy(ty * tz) = S{(ty * (0 * (O*t2))) = min{S;(t,), S(O * t,)} = min{S)(t,), S)(tz)}, 
Sn(ty * tz) = Sy(t, * (0 * (0 * t,))) = min{Sy(t,), Sy(O * t2)} = min{Sy(t,), Sy(tz)} V t,t. € X. Hence, R is 
NCMNSU of X. 


Theorem 3.10 A neutrosophic cubic set R = (Nz, Sz) of X is NCMNSU of X © Ns-, Net and Sz are fuzzy subalgebra 
of X. 


Proof. Let Xz,%'*= and Sz are fuzzy subalgebra of X and t,,t, € X. Then Ng(t, * t,) > min{Nz(t,), Np (t2)}, 
Ny (t, * tz) < max{j (t,), Ny (to)}, Nw (ty * te) < max{Ny (ty), Ny (tz )}NE (ty * te) S min{NE (ty), NE (t2)}, NT (ty 
* ty) S max{N/ (ty), Nf (t2)}, Ny(ty * tp) S max{Ny (ty), Ny(tz)}, and S_(t, * tz.) < max{Sp(t,),Sp(tz)}, Sp(ty * 
tp) = min{S;(t,), S;(tz)}, Sn(t, * t.) = min{Sy(t,), Sw(tz)}. Now, Ng (ty * tz) = [Ne (ty * ty), NE Ct, * tz)] S[min 
{Ne (ty), Nz (ty )}, min {Ng (t), NE (t2)}] S rmin{[Ng (t1), NE (to)], [NE Ct), Ne (C2) = rmin{Ng(t,), Ne (to) } Nits * 
ty) = [Ny (ty * tg), Nf (ty * tz)] S [max {Ny (t1), Ny (tz)}, max {Ny (t,), Nf (te) }] S rmax{[Xy (t1), Ny (te), [Xr (t1) 
NT (t2)]} = rmax {X(t1), Ni(te)} Nw (ti * te) = [Nn (tr * tz), Nw (ti * te)] S [max {Ny (ty), Nn(tz)}, max{Ny (ty), 
Nn (t2)}] S rmax{[Xy (t,), 8h (t2)], [Nn (tz), Sy (tz)]} = rmax{Ny(t,), Xy(t2)}. Therefore, R is NCMNSU of X. 
Conversely, assume that R is a NCMNSU of X. For any t,,t, € X, {Ng(t, *t,), N#(t, * t,)} = Np(t, *t.) = 
rmin{Xg(t,), Ng(t2)} = rmin{[Ng (t,), Ne (t1)], [Ne (tz), Ne (ta) 3 = [min {Ng (t,), Ne (to)}, min{NE (t,), Ne (ta) }], 
{Ny (ty * tz), Ni (ty * t2)] = Np(ty * tz) < rmax{Nj(t,), Ni(tz)} = rmaxf{[Ny (t1), Nf (tr), [Nr (ta), Ny (te) J} =[max 
{Ny (ti), Nr (t2)}, max {Ny (ty), 87 (te) H, [Nw (ti * to), NN(tr * tz)] = Ny (ty * ty) S rmax{Ny(t,), Nw(tz)} = rmax 
{I8n (1), Nn (ta), [Xin (te), 8x (te) 3 =[max{Xy (ty), Nn (to)}, max{Ny (ty), Ny (tz )}]. Thus, Ng (t, * t2) = min {Ns ( 
ty), Ne (tz)}Ny (ty * tz) S max{y (t,), Ny (t2)}.Nn (ty * tz) S max{Ny(t), Nn (tz)}NE (tr * te) S min {NZ(t,), NE 
(t2)}.Ny (ty * tz) S max{Ny (t,), Ny (ty) } Nn (ty * tz) S max{Ny (ty), Ny(ty)}, and Sp(t, * t,) < max {Sp(t,), Sp (te 
J}, Sy(t, * tz) = min{S,(t,), S;(t2)}, Sy(ty * tz) = min{Sy(t,), Sy(t,)}. Hence Xf, X= and S, are fuzzy subalgebra 
of X. 
Theorem 3.11 Let R = (Xz, Sz) be a NCMNSU of X and n € Z*(the set of positive integer). Then 1. Xp(7"t, * t,) 
> Np(t,) for n € O. 2. &("t, *t,) < X(t.) for n € O. 3. Ny (Wt, * ty) S Ny(t,) forn € O. 4. Spt, * ty) < 
Ne(t,) forn € ©.5.S,(7"t, * t,) = Xj (t,) forn € O. 6. Sy (Tt, * ty) = Ny(t,) forn € O.7. Xz (Ft, * t,) = Ne(t,) 
forn € E. 8. Sg(7"t, * t,) = Ne(t,) forn € E. 











Proof. Let t; € X and n is odd. Then n = 2q — 1 for some positive integer q. We prove the theorem by induction. 


Now Ng (ty * ty) = Xg(O) = Ne(ty), Nyp(ty * t,) = 80) S Ny (ty), Ny (ty * 1.) = Ny(O) S Ny (tz) and Sg(t, * ty) = 
Sp (0) S Sp(ty), Sy(ty * ty) = $,(0) = Si(ty), Sw(ty * ty) = Sy(O) = Sy(t,). Suppose that Np(774"*t, *t,) = 
Ne (ty), 8p(79-*t, *t,) S Nt), Ny(V7F*ty * ty) S Ny (ty) and S—(W74-7t, * ty) S Sp(t,), Sp7A*ty * ty) = 
S1(t1), Sy(779" 1 t, * t,) = Sy(t,). Then by assumption, X_(77tY—-1t, * t,) = Ne (72944 t, * t,) = Ne (7291 t, * (ty, * 
(ty *ty))) = Np (794 ty * ty) S Np (ty), NCP t, * ty) = NCT78F ty * t,) = NCTE Ity * (ty * (ty * t,))) = 
Ny(774-1ty # ty) SNp(ty), Nyt, * t aN (79 ty * ty) = Ny (T7297 ty * (ty * (ty *t1))) = Ny 77 t, * 
ty) S Ny (ty) and Sp Dt, # tyJ=S_ (T7484 ty * ty) =S_(T7A ty * (ty * (ty *t,))) =SEC7T ty * ty) S Set), 
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S74 D4 ty & t)=S(T744 ty * ty) = STF, * (ty * (ty *ty))) = SyT7F7*t, * ty) S Si(ty), SyC7tY ty + 
ty )=Sy (V7 *ty # ty) = Sy CT7I*ty * (ty * (ty * ty))) = Sy(T74 ty * t,) = Sy (ty), which prove (1),(2),(3),(4),(5) 
and (6), similarly we can prove the remaining cases (7) and (8). 


Note: The sets denoted by Ix, and Is. are also subalgebras of X, which are defined as: Iy.={t, € X|Nz(t,) = Xs(0)}, 
Is.={t, € X|Sz(t,) = Sz(0)}. 


Theorem 3.12 Let R = (Nzg,Sz) be a NCMNSU of X. Then the sets Ix. and Is. are subalgebras of X. 


Proof. Let t,,t, € Ix,. Then Ng(t,) = Xz(0) = Ng(ty) and Ng(t, * tz) = rmin{Ng(t,), Ne(t2)} = Nz(0). By using 
Proposition 2.3, we know that Xz(t, * tz) = Nz(0) or equivalently t, * tz € Ix,. 

Let ty,t, € Ix,. Then Sz(t,) = Sz(0) = Sz(t,) and Sz(t, * tz) < max {Sz(t,), Sz(tz)} =Sg(0). Again by using 
Proposition 2.3, we know that Sz(t, * tz) = S;(0) or equivalently t; «tz € Iy,. Hence the sets It and Is, are 
subalgebras of X. 


Theorem 3.13 Let B be a nonempty subset of X and R = (Ns, Sz) be a neutrosophic cubic set of X defined by 


[kz,,Ks,], ift, EB 
[Pz,,Pz,] otherwise, 


Ws, ift, EB 
Qs, otherwise 


Ne(t)) = »Sp(ty) = { 
V [kz Kz, ],[@z,,Pz,] € D[O,1] and we, gg € [0,1] with [Kg,, kg, ] = [Me,,Pe,), [Kr K,] S [61 Or], [kn Kn, ] 
< [y,,Pn,], and Wg S Qg, ©; = Qy, Wy = Qn. Then R is a NCMNSU of X © B is a subalgebra of X. Moreover, 
In. =B=Is,- 


Proof. Let R be a NCMNSU of X and t,,t, € X such that t,,t, € B. Then Ng(t, * tz) = rmin{NXg(t,), Xp(t2)} = 
rmin{[Kg,, Kgo |, [kp,) Kg, }} = [Kp Kg, |, Ni (ty * tz) S rmax{Nj(t,), Xj(t2)} = rmax{[kj,, Ky], [ky,, Ky, 3 = [Ky,, Ky, ] 
Ny (ty * tz) S rmax{Ny(t1), Xy(tz2)} = rmax{[ky,, Ky, ], [Ky,, Kn, 1} = [Ky,, Kn, ] and Sp (ty * tz) < max {Sp(t,), Sp 
(t2)} = max {Wg, WE} = Wg, S(t, * tz) = min{S;(t,), S;(t,)} = min {w,, o)} = wp Sy(ty * tz) = min {Sy(t,), Sn 
t2)} = min{wWy, Wy} = Wy,. Therefore t, * t, € B. Hence, B is a subalgebra of X. Conversely, suppose that B is a 
subalgebra of X and t,,t, € X. Consider two cases. 


Case 1: If t,,t, € B thent, * tz € B, thus Np(t, * tz) = [kg,, Kg, ] = rmin{Ng (ty), Ne(tz)} y(t, * te) = [ky,,,] = 
rmax{Nj(t;), Xj(t2)}, Xn (ty * tz) = [kn,> Ky, | = rmax {Xy(t;), Ny (tz)}, and Sp(ty * tz) = We = max {Sp(t,), Sp( 
t2)}, Sp(ty * tz) = wy, = min{S;(t, ), Sy(t2)}, Sy (ty * tz) = Oy = min{Sy(t), Sn(t2)}. 


Case 2: If t; € B or t, € B, then Ng(t, * tz) = [Pg,, Pe,] = rmin{Xe(t,), Ne(t2)}, NC * te) S [41,91] = 
rmax{Nj(t; ), 8i(t2)}, X(t * tz) S [On ,, On, ] = rmin{Xy (ty), Nw(tz)}, and Sp(t, * tz) S Qp = max {Sp(ty), Sp( 
to)} S(t, * t2) = 0; = min{S;(t,), S;(t2)}, Su(t, * tz) = 0; = min{Sy(t,), Sy(tz)}. Hence R is a NCMNSU of X. 
Now, Ix.={ti € X, Nz(t,) = Xz (O)JH{t, € X, Ne(t,) = [Ke,, Kz, |} = B, and Is.= {ty € X,Sz(t,) = S(0)} ={t, € X, 
Sz(t,) = Wz}=B. 


Theorem 3.14 Let R = (Nz,Ss) be a neutrosophic cubic set of X. For [Sg,,Sg,], [S1,, 51, ], [Sn,,Sn,] € D[0,1] and 
te, tr tn, € [0,1], the set U(Nel ([se,, Se, ], [S1,,51,], [Sn Snz])) =ftr © XlNe(t,) = [Sey Se.) X(t) S [s1,, $1, ], Xn 
(t1) < [Sy,,Sn,]} is called upper ([Sp,,Sp,], [S1,,51,],[Sn,>Sn,])-level of R and L(Ss|(tg,,t,,tn,)) =f{tr € 
X|Sp(t1) S te, Sy(t,) = ty,, Sn (ty) = ty, } is called lower (tg,, ty,, ty, )-level of R. IfR = (Nz,Sz) is NCMNSU of 
X, then the upper [Sz,, Sz, ]-level and lower tz,-level of ® are subalgebras of X. 
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Proof. Let t,,t, € U(Xs|[Sz,,Sz,]). Then Xp(t,) = [Sp,,Sp,] and Np (tz) = [Sp,,Sp,]. It follows that Xp(t; * t,) = 
rmin{Xg(t,), Xp (tz)} = [Sz,,Sz,] > ty * tp © U(Ngl[Se,, Se, ]), X(t) S [S1,, S1,] and Nj(t2) < [s},, 5), ]. It follows 
that Nj(t, * t2) < rmax{Xj(t,), Xi(t2)} S [sy,,$1,] > tr * tz © UAI[S1,,51,]), Xw(ts) S [Sny Sn] and Xy (tz) S 
[Su,»Sn,]. It follows that Ny(t, * tz) < rmax{Xy(t,), Nn(tz)} S [Sn,,Sn,] > ty * tz € U(NyI[Sn,, Sn, ]). Hence, 
U(Ng|[Sz,, Sz, ] is a subalgebra of X. Let t,t, € L(Sg|tg, ). Then Sp(t,) < tg, and S,(t,) < ty,. It follows that S,(t, * 
t.) S max{Sp(t,),Sp(tz)} Ste, > ty * ty € L(Sg|tg, ), Sp(t,) = ty, and Sj (tz) = t),. It follows that S)(t, * t,) = 
min{S)(t,), Sj(t2)} = ty, > ty *t, € LG It), Sy(t)) Sty, and Sy(tz) = ty,. It follows that Sy(t, *t,) = 
min{Sy (t;), Sn(t2)} = ty, > ty * t, € L(Sy|ty,), Hence L(Sz|tz,) is a subalgebra of X. 


Theorem 3.15 Let ® = (Nz, Sz) is NCMNSU of X. Then X([sz,, Sz, ]; tz, ) = U(Xz|[Sz,, Sz, ]) N L(Seltz, = {t, € 
X|Ne(ty) = [Sp,, Se], 8i(t.) S [S1,,S1,], 8w(t) S [Sn, Sn], S(t) S te, Sy(t1) = ty,, S(t.) = ty, } is a subalge- 
bra of X. 


Proof. This theorem can be proved by using Theorem 3.14. The converse of Theorem 3.15 is not valid, for which we 
present the example. 


Example 3.2 Let X = {0, t;, tz, tz, t4, ts} be a BF-algebra used in above example and R® = (Nz, Ss) is a neutrosophic 
cubic set defined by 





















































0 al ty ts ty ts 
Xr [0.5,0.7] | [0.6,0.7] | [0.60.7] | [0.2,0.3] | [0.4,0.5] | [0.4,0.5] 
N, [0.4,0.6] | [0.5,0.6] | [0.5,0.6] | [0.5,0.7] | [0.4,0.4] | [0.4,0.8] 
Xe [0.3,0.5] | [0.3,0.6] | [0.3,0.6] | [0.3,0.6] | [0.2,0.3] | [0.2,0.3] 
0 ty es t ts ti 
Se 0.2 0.4 0.4 0.6 0.4 0.6 
S, 0.3 0.5 0.5 0.7 0.5 0.7 
Sp 0.4 0.6 0.6 0.8 0.6 0.8 





























Now X([Sz,, Sz, ];te,) = Ul [Sz,,S2,]) N LGzltz,) = {t, € XIX (t) = [s7,,57,], Sr) S tr} = (0, t, 03} 
{0, t,,t2,t3} = {0,t,,t,} is a subalgebra of X, similarly we can find this for indterminate and non membership 
elelments. But = (Nz,Ssz) is not a neutrosophic cubic subalgebra, since &;(t, * t,) = [0.2,0.3] & [0.4,0.5] = 
rmin{X, (€,), Xp (t4)} 8) (t, * t) = [0.4,0.8] £ [0.4,0.6] = rmax{X,(t,), 8; (t)}, similarly we can find this for non 
membership elelment and A;(a, *a,) = 0.6 £ 0.4 = max{A;(az),A7(a,)}, similarly we can find this for 
indeterminate and non membership elelments. 
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4. CONCLUSION 


In this paper, neutrosophic cubic MN-subalgebra was introduced and its few helpful results and new characteristics 
were studied. The investigation of this new sort of subalgebra will help analysts to apply this subalgebra on various 
algebras. We are recommending some ideas like multiplication, and cartesian product to apply this work. 
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Abstract 


In this study, we introduce the notion of special neutrosophic functions as new kinds of neutrosophic function 
defined in a neutrosophic logic. As particular cases, we present the notions of neutrosophic Floor (greatest integer), 
neutrosophic Absolute Function and neutrosophic Signum Function. Moreover, we draw its neutrosophic graph 
representation and discuss similarities and differences for these special neutrosophic functions between the classic 
case and neutrosophic case. We investigate some properties and prove them. However, we often need the definition 
of absolute value function, especially in the metric space. Therefore, we introduce its initial definition in this study. 


Keywords: Neutrosophic relation, Neutrosophic function, Neutrosophic derivative, Neutrosophic integral 
Neutrosophic representation. 


1. Introduction 


In our life, there is three main types of logic. The first one is the classical logic which has two values, “true or 
false’, ‘0 or 1’. The second one is the fuzzy logic which was first introduced by Dr. Lotfi Zadeh in 1960s. It has more 
than two values. This means that it has more than ‘true or false’ because they are considered simple in this type of 
logic. With fuzzy logic, propositions can be represented with degrees of truth and falseness [1, 2, 3]. The final type of 


logic is the neutrosophic logic which is an extension of the fuzzy logic in which indeterminacy J is included taking 
into consideration (J"” =nI =I,Vn EN _) [4,5]. This idea has inspired a lot of researchers and opened up a wide 


range of scientific research in many ways. 


Due to the importance of calculus, Florentin Smarandache presented the basic of Neutrosophic Pre-calculus and 
Neutrosophic Calculus, which studies the neutrosophic functions [6, 7]. A neutrosophic Function Nf : D——>R 
is a function, which has some indeterminacy, with respect to its domain of definition, to its range, or to the relation 


that connect between elements in D with elements in R .Especially; he also defined the neutrosophic exponential 
function and neutrosophic logarithmic function. 


The idea of the perception of pentagonal neutrosophic number from different aspects and the score function in 
pentagonal neutrosophic domain was introduced in [8,9]. Additionally, in [10,11,12,13,14,15,16] the single 
neutrosophic value and its properties of different kinds have been identified. Moreover, a lot of algebraic neutrosophic 
structures have been identified, such as neutrosophic R-modules [17,18] and also in the area of neutrosophic 
topological space [19,20]. 
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2.Preliminary 


In this section, we present the basic definitions that are useful in this research. 
2.1 Neutrosophic Subset Relation[6]: 


A Neutrosophic Subset Relation B , between two sets A and B , is a set of ordered pairs of the form 
(A 'B ‘) , where A’ isasubset of A ,and B ’ asubsetof B , with some indeterminacy. A neutrosophic relation 
B , besides sure ordered pairs (A "B ‘) that 100% belong to B , can also contain potential ordered pairs (A "\B ") 
, where A” is asubsetof A ,and B” asubset of B , which may be possible to belong to /, but it is unknown 
in what degree, or that partially belong to with the neutrosophic value (T J1,F ) where T means degree of 
appurtenance to 7, ] means degree of indeterminate appurtenance, and F means degree of non-appurtenance. 

2.2 Neutrosophic Functions[6]: 
A Neutrosophic Function is a neutrosophic relation in which the vertical line test does not necessarily work. 


However, in this case, the neutrosophic function coincides with the neutrosophic relation. Generally, a neutrosophic 
function is a function that has some indeterminacy [with respect to one or more of its formula, domain, or range]. 


Example [6]: Let’s we have f 123, > {a,b,c,d} is a neutrosophic function defined as: 


f (1) =a, f (2) =5, but f (3) =cor d [we are not sure], so we can writef (3) =I. If we consider a 


neutrosophic diagram representation of this neutrosophic function, we have: 





Fig (1) 


The color arrows mean that we are not sure if the element 3 is connected to the element Cc _ , or if 3 is connected 


to d . Similarly, for a graph representation: 





Fig(2) 
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This example can be rephrased in another way, that 3 is connected with d only partially, let’s say (3,d ) (0.6, 0.2, 0.5) 


which means that 60% the 3 is connected with d , 20% . It is not clear whether it is connected or unconnected, and 


50% the 3 is not connected with d . The sum of components 0.6+0.2+0.5=1.3 is more than 1 because the 


three sources providing information about connection, indeterminacy, non-connection respectively are independent 
and use different criteria of evaluation. 


As we see, this neutrosophic function is neither a function nor a relation in the classical case. 
Example: [6] Let’s consider h:R—>R a different type of neutrosophic function defined as: 
Vx ER,h (x ) E [2, 3] , so we can write h (x ) =I . Therefore, we just know that this function is bounded by the 
horizontal lines y=2 and y=3. 





Fig (3) 
We can modify h (x ) and get a constant neutrosophic function (or thick function): 1 :R — P (R ) defined 


as: Vx ER,1 (x ) = [2,3] Where P (R ) is the set of all subsets of R . 


For example, is the vertical segment of line [2, 3]. 





Fig (4) 


Example:[6] A non-constant neutrosophic thick function: k:R—P (R ) defined as: 


Vx ER,k es ) = [2x »2x + 1] whose neutrosophic representation is: 
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Fig (5) 


2.3, Neutrosophic Derivative[6] : 


The general definition of the neutrosophic derivative of function f a (x ) is: 
[inf f (X +h)—inf f (X ),supf (X +h)-supf (X ) | 
h 
Example: Let’s f :R > RU {I} a neutrosophic function defined as: ae (x ) = [x * £9 oX | then : 





fy (x )=lim 


ep ees | 


h>0 h 


“jin th) +2(x +h)-x?-2x tim? thy ae 


h->0 h h>0 h 


= 2x +2,3x? | 


Example: Let f :R > RU {I} a neutrosophic function defined as: f y (x ) =3x —x7J then: 





, . Fy (x th)—fy (x 
£4 (x) =tim le! 2 w ( ) 
[3(x +h) -(x +h) 7 |-[3x x77] 
= 1m +222 
h>0 h 
ye B= HM) ge aes —0-J =3-2x] 


2.4 Neutrosophic Integral [7] 
Using the neutrosophic measure, we will define a neutrosophic integral. The neutrosophic integral of a function 


Nf _ is written as: IG Nf )dv 


DOI: 10.5281/zenodo.3782888 107 


International Journal of Neutrosophic Science (I[NS) Vol. 4, No. 2, PP. 104-116, 2020 


Where X is a neutrosophic measure space, and also the integral is taken with respect to the neutrosophic measure 
v . Indeterminacy related to integration can occur in various ways: with respect to the value of the integrated function, 
with respect to the lower or upper limit of integration, or with respect to the space and its measure. 


Example: Let f :R > RU {I} a neutrosophic function defined as: f (x ) = 2x + (x Pe 3)1 then : 


F (x) =[[4x° +(x? +3) dx 
= | 4x°dx +[[(x?+3)I]dx 


3 
aire. +3xI +c 


Integration neutrosophic Constant 
c=a+bl :a,beR 


3. The Special Neutrosophic Functions: 
3.1 Piecewise function: 


A Neutrosophic piecewise Function is a piecewise function that has some indeterminacy [with respect to one or 
more of: its domain, formula, or range]. 


The Neutrosophic piecewise function is may not be a classical function in general. However, we can say when 
indeterminacy doesn’t exist we will be back the classical case again. 


Example: Let’s consider a neutrosophic piecewise function which has indeterminacy with respect to its domain: 


a Ix ¢{-11]} 


fi(x)= 


[23 Ix =-l or 1 


It's clear that is f, (-1) #f, (1) #1 andf (7) 7 [2,3] 


As in the classical way we can draw the neutrosophic graph: 


Fig (6) 
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Example: Let’s consider a neutrosophic piecewise function, which has indeterminacy with respect to its formula: 


[2x +1,6x ] lx #0 
Filx)= [1.3) lx =0 


It's clear that f, (yar :x #0 and f, (0) =[1,3) 


As in the classical way, we can draw the neutrosophic graph: 





Fig (7) 


Example: Let’s consider a neutrosophic piecewise function, which has indeterminacy with respect to its range: 


1 
f,(x)= x—5 
2 or 4 Ix =5 


Ix #5 





1x #5 





It's clear that f.S)=1 and fstx)= ; 
Pa 


As in the classical way, we can draw the neutrosophic graph: 


Fig (8) 
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3.2. Signum function: 


A Neutrosophic signum Function (NV sgn ) is a signum function which has some indeterminacy [with respect 
to one or more of: its domain, formula, or range] in two ways as follows: 


1:x >0 and I=0 
IN sgn(x +1)=50:x =0 and I #0 
-l:x <O and I=0 


l:x >0 
2)N sgn (x ) = 0+/ :x =0 
—l:x <0 
The indeterminacy here is suitable to the problem conditions. 


A Neutrosophic signum Function may be continuous at (0) due to the indeterminacy in contrary to the classical case. 


Example: Let’s consider a neutrosophic signum function, which has indeterminacy with respect to its domain: 


l:x >3 and I=0 
N sgn(x —3+21)=40:x =3 and I #0 


—-l:x <3 and I=0 


As in the classical way, we can draw the neutrosophic graph: 





Fig (9) 


From the graph, we notice that the Neutrosophic signum function is continuous at 3 in the contrary to the 
classical case, and when there is no indeterminacy the green color will fade. Therefore, we will go back to the 
classical case. 
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Example: Let’s consider a neutrosophic signum function which has indeterminacy with respect to its formula and 
range: 


La 
N sgn(x +2)=)0+1 :x =-2+1 
-I:x <-3 


As in the classical way we can draw the neutrosophic graph: 








Fig(10) 


Notice what the indeterminacy has made in the graph. It becomes like a spectrum around zero. 


3.3. Neutrosophic Absolute Function 


A Neutrosophic Absolute Function (NV. abs ) is an Absolute Function which has some indeterminacy [with 
respect to one or more of: its domain, formula, or range] in three ways as follows: 


x:x >0 and I=0 
1)Nabs (x +1) = O+/:x =0 and I #0 


—-x :x <0 and I=0 


2x >O 
2)Nabs (x ) = O+I:x =0 
—x:x <0 
x+I:x >0 
3)Nabs (x +1)=40+I :x =0 
—x +I:x <0 
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Properties: 


I)Nabs (x +I) =abs (x )+I 
2)Nabs (0+1) =abs (0)+1 =I 
3)Nabs (x +1)+I =abs (x )+2I =Nabs (x +1) 


4)Nabs (x +y +1)< Nabs (x +1)+Nabs(y +1) 
proof : 
Nabs (x +y +I) =abs (x +y)+I 

<abs (x )+abs (y )4+I 

=abs (x )+I +abs (y )+1 

= Nabs (x +1)+Nabs(y +1) 


5)Nabs (x +1)=y +1 


=> abs(x)+I=y +I 


x=yd4l 
= T 
=> abs (x ) yt =f 


Example: Let’s consider a neutrosophic Absolute function which has indeterminacy with respect to its domain: 


x:x >0 and I=0 


Nabs (x +31) = O0+I:x =0 and 10 


—-x:x <0 and I =0 


Fig (11) 
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Example: Let’s consider a neutrosophic Absolute function which has indeterminacy with respect to its formula, and 
range: 


x —-2:x >4 
Nabs (x —2)= O+] :x é [1,4] 
2-x:x <1 


As in the classical way, we can draw the neutrosophic graph: 





Fig (12) 


3.4 Neutrosophic Floor (greatest integer) Function 


A Neutrosophic Floor (greatest integer) (Nfloor[]_) is a floor (greatest integer) that has some indeterminacy 
[with respect to one or more of: its domain, formula, or range] in two ways as follows: 


-1 :-l<x+I <0 
1)Nfloor[x +1 ]=40 :0<x +I <l 


1 :l<x+I<2 


As in the classical way, we can draw the neutrosophic graph: 
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Fig (13) 


Here we can say that there is no difference between the neutrosophic case and the classical case. 


-l+/J :-lsx <0 
2)Nfloor|x ]=40+7 :0<x <1 


I+] :1<x% <2 


As in the classical way, we can draw the neutrosophic graph: 


Fig (14) 
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Properties: 


1)Nfloor[x +I ]=[x ]4+/ =x +a4+I :0<a<l 
2)vn EN (I) 
Nfloor{n+I]=[n]+/ 

=n+I 


3)Nfloor|x + y +I ]= Nfloor|x +1 ]+Nfloor[y +I] 
proof : 
Nfloor[x +y +I ]=[x +y]4+/ 

>[x]+y ]+/ 

=[x ]+/ + by ]+/ 

= Nfloor[x +I ]+Nfloor[y +I ] 


4)Vn EN (1) 

Nfloor|x +n+I]=Nfloor[x +I ]+n 

proof : 

Nfloor|x +n+I]=[x +n]+4+/ 
=[x]Jtn+I 
=[x]+i4+n 


= Nfloor|x +I +n 


4. Conclusions 


Vol. 4, No. 2, PP. 104-116, 2020 


In this research, we firstly obtained new kinds of neutrosophic functions and focused on the Neutrosophic 
representation and proved some properties. In addition, we showed that the neutrosophic functions is not a function 
in the classical case, but in some especial cases there were an coincidence between the neutrosophic case and the 


classical case. 


5. Future Research Directions 


As a future work, this article can be extended to include continuity and derivation and integration as well as the 


definition and applications of the Neutrosophic Cartesian. 


References 


[1] L. Zadeh, , Fuzzy sets, Inform and Control, 8, pp. 338-353, 1965. 


[2] K.Atanassov, Intuitionistic fuzzy sets. Fuzzy Sets and Systems, 20, pp.87-96, 1986 
[3] F.Liu, XH.Yuan, Fuzzy number intuitionistic fuzzy set, Fuzzy Syst. Math, 21(1),pp.88—91, 2007. 
[4] H.Wang, F.Smarandache, YQ. Zhang, R. Sunderraman, Single valued neutrosophic sets. Multi- 


space Multi-struct 4, pp.410—413, 2010. 


[5] F. Smarandache, Neutrosophy. Neutrosophic Logic, Set , Probability and Statistics. American 


Research Press, Rehoboth, 1998. 


DOI: 10.5281/zenodo.3782888 


115 


International Journal of Neutrosophic Science (INS) Vol. 4, No. 2, PP. 104-116, 2020 


[6] F. Smarandache, Neutrosophic Precalculus and Neutrosophic Calculus, Brussels: EuropaNova, 
2015. 

[7] F. Smarandache, Introduction To Neutrosophic Measure, Neutrosophic Integral, And 
Neutrosophic Probability, Craiova-Ohio: Sitech - Education , 2013. 

[8] A. Chakraborty, A New Score Function of Pentagonal Neutrosophic Number and its Application in 

Networking Problem, International Journal of Neutrosophic Science, Volume 1, Issue 1, pp. 40- 

51, 2020. 

A. Chakraborty, S. Broumi, P.K Singh, Some properties of Pentagonal Neutrosophic Numbers and 

its Applications in Transportation Problem Environment, Neutrosophic Sets and Systems, 

vol.28, pp.200-215, 2019. 

[10]S. Broumi, M. Talea, A. Bakali, F. Smarandache, Single Valued Neutrosophic Graphs,Journal of New 
Theory, N10, pp. 86-101, 2016. 

{11]S. Broumi, M. Talea, A. Bakali, F. Smarandache, “On Bipolar Single Valued Neutrosophic Graphs,” 
Journal of New Theory, N11, pp.84-102,2016 

[12]S. Broumi, M. Talea, A. Bakali, F. Smarandache, Interval Valued Neutrosophic Graphs, SISOM & 
ACOUSTICS 2016, Bucharest 12-13 May, pp.79-91, 2016. 

[13]S. Broumi, A. Bakali, M, Talea, and F, Smarandache, Isolated Single Valued Neutrosophic Graphs. 
Neutrosophic Sets and Systems, Vol. 11, pp.74-78, 2016. 
[14]S. Broumi, M. Talea, F. Smarandache and A. Bakali, Single Valued Neutrosophic Graphs: Degree, 
Order and Size. IEEE International Conference on Fuzzy Systems (FUZZ), pp.2444-2451,2016. 
[15]Madeleine Al- Tahan, Some Results on Single Valued Neutrosophic (Weak) Polygroups, 
International Journal of Neutrosophic Science, Volume 2, Issue 1, PP: 38-46, 2020. 

[16]E.O. Adeleke , A.A.A. Agboola , F. Smarandache, Refined Neutrosophic Rings Il, International 
Journal of Neutrosophic Science, Volume 2, Issue 2, PP: 89-94 , 2020 

[17]Khatib, Ahmed, “neutrosophic modules,” mauritius: lap lambert, 2018. 

[18]K. A. Olgun N, "Neutrosophic Modules," Journal of Biostatistics and Biometric Applications, pp. 7- 
8, 2018. 

[19]A. B.AL-Nafee, R.K. Al-Hamido, F. Smarandache, “Separation Axioms In Neutrosophic Crisp 
Topological Spaces”, Neutrosophic Sets and Systems, vol. 25, 25-32, 2019. 

[20]R.K. Al-Hamido, “Neutrosophic Crisp Bi-Topological Spaces”, Neutrosophic Sets and Systems, vol. 
21, 66-73, 2018. 


[9 


= 


DOI: 10.5281/zenodo.3782888 


116 


International Journal of Neutrosophic Science (IJNS) Vol. 4, No. 2, PP. 117-124, 2020 


ASPG 


American Scientific Publishing Group 





Proposal for a new theory of neutrosophic application of 
the evidence in the Ecuadorian criminal process 


Luis Andrés Crespo Berti ! 
Level III main professor-researcher and research coordinator of the Faculty of Jurisprudence of the Autonomous 
Regional University of the Andes, extension Ibarra-Ecuador 


Correspondence: crespoberti@gmail.com 


Abstract 


In this article, the main objective was to examine the articulation mechanism of the guiding principles of evidentiary 
law, the backbone of the criminal procedure directed at judges so as not to make inexcusable mistakes. A new theory 
called reasoned equivalence based on numerical neutrosophics by considering each evidentiary principle <A> along 
with its opposite or negation <Anti-A> and the spectrum of neutralities <Neut-A>. The data collection techniques 
responded to participant observation and the Delphi technique, after having gathered the opinion of 60 collaborating 
criminal lawyers about the problem through the exercise of the profession. The construction of the instrument fell to 
an observation guide. The results gave the judicial practice a marked formative value, by establishing relationships 
between the content of the evidence and the development of oral litigation techniques aimed at the promotion and 
evacuation of evidence to contribute to a certain criminal process, the evidence necessary to that the judge can come 
to the knowledge and conviction of the procedural truth of the facts. 


Keywords: Criminal; equivalence reasoned; evidence; method; neutrosophic numbers; process 


1. Introduction 


Proving in its broadest and most contemporary expression tautologically means convincing the judge about the 
certainty of the existence of an event. Besides, it is constituting a legitimate and open reaffirmation of the probationary 
right. In most criminal cases it is affirmed that proof is the verification of something; the truth about a fact. Criminal 
evidence is the circumstances submitted to the judge for his judgment. Therefore, it shows the veracity of what is 
alleged about the facts in a trial [1], [2]. 


It is very important to deepen the knowledge of what concerns the presentation of evidence in a criminal procedure. 
The function of the test, in general terms, supports: (...) the obtaining of the truth (...). The material truth of the facts 
would reside in total knowledge of them by the judge [3]. That said, the emphasis should be put especially in the 
interrogation, including recognition of places, people, or things as well as proof of judicial inspection, since this gives 
validity to the criminal process. Therefore, it is necessary that the criminal procedures meet impermissible minimum 
requirements and it is not illegitimate to avoid the nullity of the act or the whole process. As a consequence, it would 
make it very difficult for the Judge to arrive at the truth of the facts; the purpose that pursues all investigation in the 
criminal process [4], [5], [6]. 


Any consideration that can be made regarding the subject under study is relatively complex given the needs that 
currently arise when accessing justice, therefore some factors must be overcome to have effective, transparent justice 
and expeditiously, and thus, fulfill the mission that all legal professionals have, the defenders, prosecutors of the Public 
Prosecutor's Office, criminal lawyers in practice and officials of the Judicial Power [7]. 
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Next, the considerations after the transformation of the object of study, the following variables arise in 
chronological order: (i) the statement of the accused; (ii) the interrogation or examination; (iii) cross-examination or 
contrary-examination; (iv) the test of judicial inspection ex-ante ocular inspection; (v) the recognition of people, 
things, places and; (vi) the proof evaluation system. 


The investigation motivates us to recognize the absolute independence of the Administration of Justice. It requires 
that the power of attorney exercise the power on itself, without the interference of another power that displays 
unlimited faculties on the justice operator, much more if this same organism who designates it, appoints and swears 
it, to finally sanction it disciplinary way proceeding for “inexcusable error” considered in Article 109, Number 7, of 
the Organic Code of the Judicial Function [8]; and not only of the internal independence which was submitted; but the 
same external independence is subject to interference that the political power does on the justice administration call 
by this legal figure that has not had a sustainable and satisfactory legal explanation. 


The fundamental contribution of the study focuses on the demonstration of the importance of the evidence right, 
the backlist of the criminal process, specifically from the moment the arrest of the alleged suspect arises based on the 
principles of general interest, the social order of the freedom of the accused, protected on a level of equality in 
opportunities. 


The problem is determined by the assumptions where the vice of the illegal evidence appears during the criminal 
processes, to search through the analysis of the same solution that offers the appropriate procedural corrective. 


In this sense, it holds in the indicated cases that, in the Ecuadorian criminal process, sometimes the judge excludes 
evidence without vices of illegality at violating the principle of probation [6]. 


Successive and contemporaneously, concerning the evidence obtained illicitly: The judge at the time of assessing 
the evidence produced a trial must analyze with great care, firstly, if the proof does not suffer from the illegality, that 
is, contrary to a constitutional or legal rule [9]. 


Based on the arguments presented, empowered in the evidentiary dimension, the general educational objective at 
a critical-transferential level was circumscribed in examine the purpose of the judicial evidence in the criminal process, 
the means and, the probative sources based on the general principles of legality and legitimacy of the criminal 
evidence. 


2. Problem formulation 


The problem is determined by the assumptions where the vice of the criminal evidence appears in the course of the 
processes, to search through the analysis of the same solution that offers the appropriate procedural corrective to each 
of these processes; pursuing the understanding and scope of the evidentiary mechanisms for the factual determination 
of reality in the construction of judicial evidence, in correspondence with the following hypothesis: 


How is the legality and legitimacy of the criminal evidence articulated for probation? 
3. Neutrosophic numbers of unique value to represent the jurisdiction in the criminal procedural field 


The definition of truth value in neutrosophic logic is represented as N = {(T,): T, I, F & [0.1]} n, representing a 
neutrosophic valuation [10], 11]. Specifically, one of the mathematical theories that generalize the classical and fuzzy 
theories is the demonstration of statistical hypotheses, which is used in the present study [12], [13]. It is considered as 
a mapping of a group of propositional formulas to N, and for each sentence, to obtain the result through the following 
expression. 
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v (p)=(T, 1, F) 
Starting from U that represents the universe of discourse and the neutrosophic set Ie C U. 


Where: 


Ie is formed by the set of evaluative indicators that define a legal jurisdiction. 


It should be noted that the following triads are used in legal Sciences: <A> be a physical entity (i.e. concept, notion, 
object, space, field, idea, law, property, state, attribute, theorem, theory), <antiA> be the opposite of <A>, and 
<neutA> be their neutral (i.e. neither <A> nor <antiA>, but in between) [14]. 


In the physical field, formal logic operates as a “Paradoxist Physics Neutrosophic Physics is an extension of 
Paradoxist Physics, since Paradoxist Physics is a combination of physical contradictories <A> and <antiA> only that 
hold together, without referring to their neutrality <neutA>. Paradoxist Physics describes collections of objects or 
states that are individually characterized by contradictory properties, or are characterized neither b a property nor by 
the opposite of that property, or are composed of contradictory sub-elements. Such objects or states are called 
paradoxist entities”. [14]. 


Let T (x), I (x), F (x) be the functions that describe the degrees of correlation or non-correlation, respectively, of a 
generic element x € U, concerning the neutrosophic set Ie. 


Therefore, when considering the clear (classic) principle of legality and legitimacy of criminal evidence. Yes only 
if the criminal procedural law, it is equivalent to excluding the illegality of the evidence by refuting it as exclusionary 
when it is qualified by the judge as pertinent to the criminal process by recognizing that in criminal trials in Ecuador 
there is evidentiary freedom, therefore it is valid to affirm that in all In criminal trials, there is a 100% evaluation of 
the criminal evidence by the judge. 


Using the notation of neutrophilic numbers, we write that in Ecuador there is (1, 0, 0) probation, which means that 
country is 100% legal, 0% undetermined legal, and 0% illegal. 


However, the investigation shows that some courts exclude the validity of criminal evidence, invoking aspects such 
as impertinence of the evidence, misusing evidentiary law. Therefore, it is determined that probation is among the said 
in proportion to a fifth (20%) excluding equivalent to (0.8, 0, 0.2) - freedom and probative legitimacy [15]. 


4. Problem solution 


Within the framework of rational choice, microanalysis is carried out based on a dual result that reveals open and 
axial coding (Andréu Abela et. al, 2007) [16] oriented to find the signifier of the data. 


The open coding consisted of the analytical procedure employing which the data were delimited giving way to the 
thoughts, ideas, and meanings that contain it, to discover, catalog and develop concepts to arrive at a new theory called 
Reasoned Equivalence (RE), consisting of If there is Probative Legality (PL) and Legitimacy of the Evidence (LE), it 
is defined as logically equivalent to Probatory Freedom (PF), therefore, it is not possible to exclude the Evidence 
(EV), represented under the following formula: 
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Theoretical construction developed to solve a scientific problem 


RE = PL+ LE @ PF#EV 














Chart 1. Proposed formula for a theory of reasoned equivalence. Source [17]. 


Indicates that, in light of the proposed reasoned equivalence theory, it will positively impact the sphere of criminal 
procedural law, given that, among other things, the judge must act and adhere to the framework in the objective 
assessment of the evidentiary means alleged in safeguarding the interests of the intervening parties in all judgment. 
Otherwise, the court decision could be counterattacked in appeal (superior court), even in administrative headquarters 
for inexcusable error. 


In such a way that the legal principle of non-exclusion from criminal evidence operates as a proposition that is 
partially true and partially false or partially indeterminate for the operators of justice. 


So evidentiary law is a branch of procedural science in criminal matters for a category of the population that may 
be convenient; but also negative for another part of the intervening parties in the criminal trials. 


Everything will depend on the role to be played, either as a defense or accuser party into procedures record trial. 


It is limited that, under being the dynamic neutrosophic degrees, that is, they are not static, they can continually 
change over time around hidden parameters that influence each other. 


Thus, in all societies we find neutrosophic degrees of positive (T), indeterminate, or neutral (I) and negative (F) 
attributes, therefore, we could say that in any society, we have the following neutrosophic degrees. The degrees T, I, 
F are independent concerning each other [18]. 


(Ti, li, Fi) - inequality, (Tu Iu, Fu) - dissatisfaction, (Tc, Ic, Fc) -contradiction, (Tw, Iw, Fw), error of law, among 
others, unlike Auguste Compte in Smarandache (who coined the term “perfect sociology”, given that we are people 
imperfect by nature and to that extent, we can make the mistake of fact and law [19]. 


On the other hand, a line-by-line analysis was carried out, which led to an important theoretical approach by 
correlating the context in which the central category (criminal evidence) is found and the subcategories (declaration 
of the accused, interrogation or examination, cross-examination) or counter-examination, judicial inspection, 
recognition of things, people and places and the valuation system), without prioritizing them, given the absence of 
hierarchies: axial codification emerged [17]. 


Even when the axial coding is not predominant because the process of establishing relationships was executed 
against the central category; but certainly plausible; by establishing a flexible class of the subcategories described 
above with the properties and dimensions around a category taken as a transversal axis (criminal evidence), a scheme 
was obtained that facilitates the understanding of the phenomena that provide a procedural process to configure the 
category central. 


This finding demanded to describe previously in what legal context the evidentiary function is developed at present 
with a greater emphasis in the generalization this time from the lens of the probation articulated to the system of 
evaluation of the criminal test based on the theory of reasoned equivalence proposal. 
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5. Evaluative indicators of the principles in the evidence 


The legal means of evidence constitute the regulated instruments provided by the national legislator; they identify 


the indicators that represent the conviction of the alleged allegations on which the oral litigation of the exercise of 
probative law is based. Indicators are the key element for determining the truth in all criminal proceedings. Chart 2 
shows the evaluative indicators obtained in the activity. 








N° Evaluative indicator 

Il Legality and legitimacy of the documentary evidence 

I2 Freedom from testimonial evidence 

13 Relevance of expert evidence 

14 Unlawfulness of other evidence 

15 Exclusion from legal evidence 





Chart 2. Evidence indicators. 


After the analysis of the information codified in the Organic Integral Criminal Code of Ecuador [20], the 


coefficients of knowledge, argumentation, and jurisdiction were determined, in the evaluation of the judge, the legal 
proposal provided by five criteria (Strongly Agree, Agree, Little agree, Disagree, Did not answer), applied to five 
variables based on the Likert scale. 


For data collection, a Likert questionnaire is designed. This type of questionnaire is described as the method that 


uses an instrument or form, intended to obtain answers about the problem under study and that the researched or 
consulted person completes by himself [21]. 


How do you evaluate inexcusable How do you assess compliance How do you assess the 


error regarding the illegal regarding the assessment of performance in the criminal trial 
exclusion of evidence in evidence in jurisdictional lawyers during a criminal 
jurisdictional practice? practice? process? 





Chart 3. Questions asked internet to key informants 


Most respondents who reached ninety-nine percent strongly agree that inexcusable error is not conceptualized in 


the Organic Code of the Judicial Function, but is generically incorporated into very serious offenses but without a 
clear definition of its meaning, for what has been done extensive interpretations of the norm, causing the rights of 
judicial officials to be violated. 
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In attention to the intentional sample population, it was made up of 60 criminal lawyers, who without the need to 
physically gather them, collaborated with the information from the data provided. Meanwhile, the data collection 
instrument fell into a guide for observation and recording of debate and dialogue structured with 3 questions 
concerning the sensitive experience of the professional exercise of key informants to reveal information. Therefore, 
the participant-observation allowed to check the phenomenon that is in front of the view, with the concern of avoiding 
and preventing the observation errors that could alter the perception of a phenomenon or the correct expression of it. 
In this sense, the observer is distinguished from the key informant since the latter does not attempt to reach the 
diagnosis [22]. 


The analysis carried out and expressed allowed determining the values of the cut-off point of the categories. These 
values were related to the step value category (N-P) of each expressed variable. 


In the analysis of the results of the assessment of the contribution of the model, it was found that all items were 
evaluated as Strongly Agree, Agree or Disagree, as shown in chart 3. 








Capita Cl C2 C3 C4 C5 
Strongly Agree Agree Little agree Disagree Did not answer 
1 99% 1% 0% 0% 0% 
2 10% 15% 75% 0% 0% 
3 44% 16% 40% 0% 0% 





Chart 3. Refined Neutrosophic [14]. Result of the observation guide instrument applied to 
key informants (collaborated criminal lawyers) to evaluate the proposal made. 


Among the criteria issued by the experts consulted using the Delphi methodology [23, 24], the following elements 
prevail: 


- The indicators for measuring the exercise of evidentiary law to assess jurisdictional practice were considered 
correct. 


- The fulfillment of the evaluative indicators of the jurisdictional practice “Little agreement” being considered 
under its development by the repetition in the exclusion of the evidence on the part of the judge when the time of their 
evacuation arrives at the procedural stage of evaluation and preparatory trial. 


- The growth of the indicator criminal trial lawyers during a criminal process is considered practically between 
“Strongly agree” and “Little agree”. 


In addition to the favorable criteria on the proposed model, the following suggestions and recommendations were 
issued by the experts: 


It must be considered that, although the level obtained in the evaluative indicator of jurisdictional practice must 
prevail the guiding principle of probation, as long as the evidence is legal and legitimate by establishing that there is 
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no place to exclude criminal evidence based on the principle of discretion of the judge for the responsibility that he 
carries while avoiding abuses in the administration of justice. 


It is important to indicate considerations on the contribution that is made to the research, given that, among other 
things, from a positive point of view, [25] inclined to reflect on the evidence system in general, it contributes ideology 
to be able to affirm that contemporary theories or standards of evidence are not fully met. In other words, it argues 
that: contemporary law not only programs its forms of production but also its substantial contents, linking them 
normatively with constitutionally recognized principles and values [26]. 


6. Conclusions 


As a corollary, armed with the elements that link the various critiques to the content of each test, the theory of 
reasoned equivalence proposed, bet that judicial operators, who sometimes act within surrealism, are inserted to the 
extent that for some reason consider that the object of knowledge is separate from the subject that knows or what is 
the same that the knowledge of the object differs from the subject to know. The judge cannot ex officio promote any 
evidence. However, his faculty should endow it with such a possibility, at least with the limitations of the case since 
it is at the expense of his investiture. 


Therefore, it should be noted that for the simple fact, that there is currently individual background to this movement 
surrealist, sometimes negatively, to demonstrate a particular disposition of the spirit that plunges into the depths of 
the real, seeking a basis to affirm its faculty to the detriment of judicial activism. To that extent, the pretext of 
surrealism will be useful for the discovery of its essence -as it is intended to demonstrate-, its permanent updating and 
way of assuming the reality [27]. 


In such a way that knowledge is an exact reproduction of reality, and if it is totally or partially unknown, it is 
because elements of judgment are missing, or simply the evidence was disturbed. Considering, whether or not it is 
conducive or apt, in the abstract, to be able to prove a fact or legal act, it is a point of law, because it deals with the 
application of the legal means that regulate the test in a particular case and therefore, the concept of the court of appeal 
may be attacked in cassation by mistake of law if it is considered wrong. 


This is important because in some countries certain proof can and other proof cannot be used as evidence in criminal 
cases, meaning that the rules on the admissibility of evidence and the high standard of proof required in criminal 
proceedings it necessarily needs to apply in this respect. In that case, juridically that would be an inexcusable error, 
and ethically, an illegal judge decision. 


Given the strict rules on the admissibility of evidence and the high standard of proof required in the criminal justice 
systems of Ecuador, including, as appropriate, through legislative changes, that would facilitate the use of such 
evidence in criminal proceedings. 


Finally, in an attempt to contribute, the proposed theory of equivalence bets on a greater and better administration 
of justice. It will tend to make criminal trials more expeditious, but above all mayor transparency when it comes time 
to acquit the accused or on the contrary condemn those whom injustice deserves it. 
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